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Hydrodynamics. — Application of a model system to illustrate some 
points of the statistical theory of free turbulence. By J. M. BURGERS. 
(Mededeeling N°. 37 uit het Laboratorium voor Aero- en Hydro-~ 
dynamica der Technische Hoogeschool te Delft.) 


(Communicated at the meeting of December 30, 1939.) 


1, Introduction. — In recent years several authors, in particular 
G. I. TayLtor and TH. voN KaRMAN, have given much attention to the 
investigation of the correlation coefficients characteristic of the turbulent 
motion which is found in an air stream of constant mean velocity 1). The 
turbulence in the cases considered usually is produced by a screen or a 
honeycomb through which the air stream has passed (such a case often 
presents itself with the air flow in a wind channel), and it is assumed that 
in the region to be considered the motion of the air is not influenced by 
guiding walls etc. 

The assumption that the mean velocity has a constant value throughout 
the current implies that there is no transfer of energy from the mean 
motion to the turbulent motion; in consequence there will be a gradual 
decay of the turbulence, and the object of the investigations is to find 
the laws of this decay, and of the correlation phenomena associated with it, 

An important conception introduced by TayLor into this work is that 
of isotropic turbulence, which is characterized by the circumstance that 
the average value of any function of the velocity components, defined in 
relation to a given set of axes, is unaltered if the axes of reference are 
rotated in any manner 2), 

Various results arrived at in the theoretical developments have been 
compared with the results of numerous accurate experimental observations, 


') G.I. TAYLOR, Statistical theory of turbulence, Proc. Roy. Soc. (London) A 151, 
pp. 421—478, 1935; A156, pp. 307—317, 1936; Journ. Aeron. Sciences 4, p. 311, 1937; 
Some recent developments in the study of turbulence, Proc. Vth Intern. Congr. for 
Applied Mechanics, Cambridge, Mass., 1938, p. 294. 

TH. VON KARMAN, The fundamentals of the statistical theory of turbulence, Journ. 
Aeron. Sciences 4, p. 131, 1937; On the statistical theory of turbulence, Proc. Nat. Acad. 
of Sciences (Washington) 23, p. 98, 1937; Some remarks on the statistical theory of 
turbulence, Proc, Vth Intern, Congress for Applied Mechanics, Cambridge, Mass., 1938, 
p. 347; TH. DE KARMAN and L. HOWARTH, On the statistical theory of isotropic 
turbulence, Proc, Roy. Soc. (London) A 164, pp. 192—215, 1938, 

H. L. DRYDEN, Turbulence investigations at the National Bureau of Standards, Proc. 
Vth Intern, Congress for Applied Mechanics, Cambridge, Mass., 1938, p. 362; Turbulence 
and the boundary layer, Journ, Aeron. Sciences 6, p. 85, 1938; Turbulence and diffusion, 
Journ. Industrial and Engineering Chemistry 31, p. 416, 1939 (all with extensive 
references to the literature of the subject), 

L. PRANDTL, Beitrag zum Turbulenzsymposium, Proc. Vth Intern, Congress tor 
Applied Mechanics, Cambridge, Mass., 1938, p. 340. 
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2) Gcole LAY EOR Proc Roy. Soc, (London) A151, p. 430, 1935, 
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made possible by the application of electrical hot wire anemometers, and 
the insight obtained in this way is continually developing 3). 

Now in a previous communication the present author has described 
some mathematical model systems, by means of which several features 
could be illustrated which play a part in the behaviour of turbulent 
motion +). Although these model systems had been constructed with a 
view to illustrate the development of a dissipative secondary motion, which 
grows by detracting energy from a given primary phenomenon until a 
balance is obtained between energy detracted and energy dissipated, the 
question can be brought forward whether these same model systems also 
may be used in order to illustrate some of the relations found in the theory 
of the decay of free turbulence. It is true that most of the geometrical 
relations which are of importance in the theory of isotropic turbulence 
cannot find a counterpart in the model referred to; nevertheless it is 
possible to illustrate the conception of correlation and the equations 
describing the decay of free turbulence. 

This will be shown in the following sections (2—-3), while in 4 and 5 
those properties of the model system which are operative in the propagation 
of “elementary regions of turbulence’ have been considered in more detail. 


2. Application of the assumptions of the theory of uniform isotropic 
turbulence to the model system. — It is convenient to take as a guide the 
exposition of the statistical theory of isotropic turbulence given by 
VON KARMAN and HowarTH5), and to indicate which of the ideas 
developed in their paper can be applied to our model system. 

The model system is defined by the equations 6): 


Ov ee? dv , Ow 

a= (v—w) +> ae 2v ay D a |] 

0 02 0 0 a 
w w v w 


%) Apart from the papers already mentioned in footnote 1) see: G, I. TAYLOR, 
Correlation measurements in a turbulent flow through a pipe, Proc. Roy. Soc. (London) 
A157, pp. 537—546, 1936; G. I. TAYLOR and A. E. GREEN, Mechanism of the pro- 
duction of small eddies from large ones, ibid. A158, pp. 499—521, 1937; G. I. TAYLOR, 
Production and dissipation of vorticity in a turbulent field, ibid. A 164, pp. 15—23, 1938; 
The spectrum of turbulence, ibid. A 164, pp. 476—490, 1938. 

For the experimental investigations themselves the reader is referred to the articles 
mentioned by Prof. TAYLOR in these papers, and to those of DRYDEN and his co-workers. 

The reader is also referred to a great number of papers on turbulence in the Proc. 
Vth Intern, Congress for Applied Mechanics, Cambridge, Mass., 1938, References to the 
experimental investigations are given in many of these papers, 

4) J. M. BURGERS, Mathematical examples illustrating relations occurring in the 
theory of turbulent fluid motion, Verhand. Kon. Nederl. Akad. v. Wetenschappen, Afd. 
Natuurk. (Ie sectie) 17, No. 2, 1939. 

5) ‘TH. DE KARMAN and L. HOWARTH, Proc. Roy. Soc. (London) A 164, p. 192, 1938, 

6) J. M. BURGERS, lic. p. 16, eqs. (8.2), (8.3). i 
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In order to adapt the equations to the conditions of the present subject it 
is necessary to assume that the domain of the coordinate y extends from 
__» to +, so that there are no boundary conditions to be fulfilled by 
v and w. It is supposed that the initial distributions (for t=O) of v and w 
are given as functions of y, and it is asked to find some general rules 
governing their development in the course of time. A special case e.g. 
might be represented by a distribution in which the y-axis is divided into 
alternating segments of lengths a and 6, the initial values of v and w 
being assumed to be zero in the segments of length a, whereas they follow 
some prescribed course, may be of similar type but not necessarily the 
same for all segments, in the segments of length 5b. 

To obtain a full analogy with the ‘free turbulence’ of the air stream 
referred to before, in which there is no transfer of energy from the mean 
motion to the turbulent motions, we must take U equal to zero in the 
model system. However, when in the model system U is supposed to be a 
constant, its presence does not interfere with the condition of isotropy (in 
this respect the model system differs from the actual hydrodynamical 
equations); hence provisionally we shall retain the terms with U, as it is 
possible to drop them afterwards at any time we may like. 

In analogy with the assumptions stated by VON KARMAN and HowaArTH, 
lc. p. 193, we shall suppose that in our model system it is possible to 
consider average values with respect to the time of quantities like 
v, w, v?, ..., assuming at the same time that the fluctuations actually 
occurring in these quantities are so rapid, that the variations of the average 
values are negligible throughout the period of time required for averaging. 
The average values consequently shall be treated as slowly varying func- 
tions of the time. 

It will be assumed that the turbulence is statistically uniform, so that 
the average values are invariant against a translation along the y-axis of 
the points or systems of points with reference to which they are defined. 

The assumption of statistical isotropy further induces us to suppose 
that the average values are invariant with regard to a “rotation” and a 
“reflection” of the axes for the variables v and w. This implies that we take: 


non ti | 
v= w? (2) 
vw — 0, vw—0, etc. 


We now define a correlation function 
P, and Py, with coordinates U4, 
each other; then we calculate the 


i(t,t) by considering two points 
ya lying at a distance r= yo —y, from 
average value of v,(t).vo(t) and write: 


O07 07) (3) 


The condition of isotropy implies that also: 


Ww, .w, =f. wf, 9) ee (4) 
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whereas on the other hand we shall have: 


Ue U7 AO eae ae Ne hay Ce ae 5) 
The correlation function [ will always have the value Hiitystor =, 
while in general it will decrease to zero when r increases indefinitely. It 
may be a slowly varying function of the time. 
The introduction of the correlation function / makes it possible to define 
a linear quantity 7 by means of the integral: 


I= | tae. ee er aiee 3s" atic 


0 


This quantity is the analogue of the ‘‘average size of an eddy” as defined 
by Taylor 7). In the present case it may be termed the “average size of 
a domain of coherence”. 

Following section 4 of VON KARMAN and HowarTu’s paper, we now 
can deduce an expression for the correlation coefficients between the 
derivatives of v or w. Making use of the condition of uniformity, mentioned 
before, we have: 


OU Se eee Oe ere OI: 
Oy; + U2 — Oy; (v, = U ar a fi : : : : (7) 
and: 
Ou Ou 0 & | ) = Ff 
: = — ; SS ae eee ee th 
dy,” Oy. dys Loy, " 8) 


from which, when the points P, and P, are made to coalesce: 


Ov \2 02 
ee oe Sey eae eee eng) 


In analogy with TAYLOR then a second linear quantity 2 can be defined 
by means of the formula $): 


(OZ FIO?) ag = 2 ee Be a A110) 


TAYLOR takes {4 to be a measure of the smallest eddies which are responsible 
for the dissipation. 

When the considerations stated in section 6 of VON KARMAN and 
HowARTH's paper are adapted to our system, we arrive at the result that 
all quantities of the types: v12v9, vy2Wo, v1{W 1g, etc., must be zero, so 
that apparently in our case there are no triple correlations to be retained 
in the equations. It must be admitted, however, that here we have to do 


7) G. I, TAYLOR, Proc, Roy. Soc. (London) A151, p. 426, 1935. 
8) G, I. TAYLOR, Proc. Roy. Soc. (London) A151, p. 437, 1935. 
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with a rather dangerous point, and a further analysis of its applicability 
to the present case would be desirable. Such an analysis then ought to 
proceed along other lines. Provisionally, therefore, we shall make use of 
the assumption that the triple correlations can be neglected, as the purpose 
of this section and of the following one is no more than to point out various 
analogies with the equations of VON KARMAN and HowartTHu. In section 4 
and 5, however, we shall give attention to the effect of the terms of the 
second degree in the equations for the model system, and we shall see 
that they play an important part in the propagation of elementary regions 


of turbulence. 


3. The equation for the propagation of the correlation (VON KARMAN 
and Howarth, section 8), From the first one of the equations (1) we 
deduce the relation: 


0 0? 0? 
at (v; v2) = U (20, v2—v2 w\—v, w2) + ¥ Oy? (vv) + ¥ Oy (v, v2) — 
0 ) 5 
oe Oy; (v7 v2 —w,? v2) Oy? (v1 v2 Vv; W’), 
from which, by means of the process of averaging: 
2 6) =), 1 Ge eee co Oa. Sip tteenAaLD 


Or? 


The same result could have been obtained from the second equation of the 
system (1).— When the term with U is dropped eq. (11) is the analogue 
of equation (51), p. 206, of voN KaARMAN and HowarTu's paper. 

A) We first take r—0. Then f—1, while (027/072) =5==——- 2/22, 


according to (10); 2 evidently can be a function of the time. Equation (11) 
reduces to: 


dyi/dt—— 2 UI 92 4y.12 112 (12) 
With U =0 this becomes: 


dvtidi== 9497); 2 ne (12a) 
which is the analogue of Eda (ans) 
paper (section 9), 
B) Returning to eq. (11) and expanding the left hand side, we can 
eliminate dv2/dt by means of (12), and obtain: 


of 0? 0? 
abe (5 a), | ee te 


ne equation, which is inde 
g. (63), p. 209, of von Ka 


» p. 207, of VON KARMAN and HowarTu’s 


pendent of the value of U, is the analogue of 
RMAN and Howartu'’s paper, 


7 


A particular solution of this equation, in which f is a function of 
r|V vt only, is given by: 
(Rese a ee ere re Ge 
This solution is the analogue of the “self-preserving correlation functions”, 
considered by vON KarMAN and HowartHu in section 10, When f is of this 
special type, eq. (10) gives: 
8), eee eee eee ert 5) 
so that eq. (12) becomes: 
dv?/dt = 2 Uv?—v?/2t, 
from which 
v? = v9? Ut (16/ 6)", 


With U —0 this reduces to: 


It can also be tried to construct a solution analogous to those considered 
in section 11 of the paper of VON KARMAN and Howar tH. In these solutions 
it is assumed that the correlation function f is independent of », with the 
exception of small values of the distance r. Hence in eq. (13) we shall 
neglect »(02//Or?), but retain the term »(02f/Or2),—~o. Then it is assumed 
that { is a function of 7 =72/L, where L is a provisionally unknown function 
of the time. Substitution into (13) leads to: 


etn ese of 
as Pa =e (a) 


a beer 
which equation can be satisfied only provided: 
eeci i a 
= CONSE, (P= ee ee ee Pe! 
L dt & es 
If, in connection with eg. (15), we assume (02//Or?),=9 = —2/A2 = 
— —1/4vt, we should find (taking the constant in eq. (16) equal to —C): 
i el a, 
Deira sag tes 


from which: 
L= const. (<". 


At the same time we obtain: 


: Zz 
A real 


so that: 


1 PG. 
f==const; ( - ) : 


The assumption C= 2 e.g. would give: 
Lele; fr 1i/y~ Lic. 


However, we cannot come much further in this way, and also VON KARMAN 
and Howartn’s paper does not give more than a set of possibilities. 


4. Direct investigation of the propagation of an elementary region of 
turbulence in the model systems. — It may be asked whether a direct 
investigation of the equations defining the model systems can give us a 
closer insight into the laws governing the propagation of disturbances. The 
question is particularly interesting as this propagation depends upon the 
terms of the second degree in these equations, which had been eliminated 
in the process of averaging. 

In considering this problem we shall simplify the equations by dropping 
the terms with U. Moreover we shall give attention mainly to the far more 
tractable case of the model system with only one variable v, which (with 
LI = 0) is governed by the equation 9): 

SEER 2v ae i: at, CoO, ee ean Cea 
ot Oy? Oy 
We assume » to be small, and we shall neglect the term »02v/Oy2, except 
when a discontinuity threatens to arise in the solution of the equation. By 
means of a reasoning of similar kind as was given for the system with two 


variables 10) it is found that a discontinuity propagates itself with a velocity 
c, determined by: 


C2= Ua -UP ia, Wa. 12) Ae een) 


while at the same time it gives rise to a dissipation of energy of amount: 
‘i (v;— Ue) 


(It is to be observed that in a discontinuity we always have v; > v,). 
When these results are observed, we may restrict to the consideration 
of the equation: 

dv 5 Ov 


| pero example of a solution of this equation is indicated schematically 
in fig. 1. It has been assumed that for t—0 we have v =v, in a domain 
®) See J. M. BURGERS, Lc. p. 


p. 27, footnote 12) 
10) 


14, eq. (7.2), and the reference to RIEMANN given 


. 


J. M. BURGERS, Lc. pp. 30, 4043, 
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of length Ly (say, in the domain 0<y< Jo); outside of this domain 
v ==0. The values of v for all interior points of the domain propagate them- 


selves to the right with the velocity 2v, which at first for all these points 
has the value 2vp. Such a propagation would leave open a space at the 
left hand side of the domain, of breadth 2vof; in this space we obtain the 
solution v = y/2t, whereas for y = 2vot we have v = vo. The discontinuity 
at the right hand side of the domain, however, displaces itself with the 
velocity vg. Hence the region where v==v9 becomes continuously narrower, 
until it vanishes for t—=Lp/vo. From then onward we have the solution 
v —y/2t in a domain extending from y—=0 until y=L, where L is a 
function of f; at the right hand end of this domain there is a steep front 
(a discontinuity), moving with the velocity dL/dt =L/2t. {t is easily 


found that we have: 
he [Vb ee ee ee ee 2) 


With increasing values of ¢ the front decreases in height; at the same time 


its velocity decreases. 
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When the influence of the frictional term v02v/Oy? on the form of the 
steep front is investigated, it is found that the maximum value of Ov/dy 
is of the order v2/y. 

It is to be observed that the integral: 


a= [ody. . 2 ok er 


remains constant during the whole process; this is true also when the 
frictional term is not neglected, and represents an analogy to the conserva- 
tion of the impulse in the hydrodynamical case. 

The equation for the motion of the front can be written: 


D2) | te nor 


5. It is possible to develop solutions of similar nature from other initial 
conditions, and it can be expected that after a sufficient lapse of time we 
shall always obtain a solution of the type: 


U=(Y— Yo) 2 (= tp)> a nn 2S) 


where yg and tg are two constants, depending upon the initial conditions. 
This solution will be valid in a domain extending from y—yp until 
y¥=yo + L, the quantity L satisfying the equation: 


L=2 7 Q0= 4) 


where (2 is the constant value of the integral [e dy. The quantity L may 


be either positive or negative. The steep front at y=yo + L is rounded 
off by the influence of the viscosity, and the maximum value of Ov/Oy 
again is of the order v2/y, 

The asymmetrical character of the growth of the domain where v 
differs from zero, is an accidental circumstance due to the particular form of 
equation (17). When we return to the system formed by eqs. (1), (taking 
U2 0)ein' which there are two variables, there is found a more sym- 
metrical growth of the domains where p and w are different from zero, but 
the exact investigation will be far more difficult. 

Returning to the case of eq. (17) or (19) it is still to be observed that 
various of the growing domains may meet each other. For instance, when 


we have two domains with positive values of v, and the left hand one has 
the greater Q, this one will overtake the othe 
time there will be left a single domain only, a 
the beginning of this section, and characteriz 
the sum of the Q's of the original domains, 
Another case may be formed 
in such a way that the one with 


r. After a sufficient lapse of 
gain of the type described in 
ed by a value of Q which is 


by two domains of different sign, situated 
V positive is to the left of the one with v 


1] 


negative. When they have met, then after a sufficient lapse of time again 
only one domain will be left, characterized by a value of Q which is the 
difference of the ’s of the original regions. 

We thus arrive at the general result that there is a tendency for all 
domains where some disturbance is present (that is, where at ¢—0, v, or 
both v and w in the system with two variables, are different from zero), 


to increase in size, at a rate approximately proportional to Vt, In this 
process the larger domains overrun the smaller ones, and consequently 
more and more of the details of the original pattern will be gradually 
eliminated. Hence it is to be expected that the average size of the ‘‘domains 
of coherence’ to be found in the field will increase as well, and also roughly 
proportionally to V ¢. 

A particularly interesting feature of the process is the tendency to form 
steep fronts at the advancing edges of the domains. The steep fronts are 
the sources of intensive dissipation of energy. When » is small, the dissipa- 
tion in these fronts is far more important than the dissipation due to the 
values Ov/Oy assumes in the rest of the domains. 

This result is remarkable as again it affords an analogy with what is 
observed in fluid motion, although the geometrical features of the field 
are different in the hydrodynamical case. It has been pointed out by 
TAYLOR that in turbulent motion the intensity of the vorticity is always 
increased in those parts of the field, where vortex filaments are extended, 
as according to the law of the conservation of circulation the absolute 
value of the vorticity changes proportionally to the length of a filament 
having the same direction as the vorticity vector. As TAYLOR remarks 
turbulent motion is found to be diffusive, so that particles which were 
originally neighbours move apart as the motion proceeds; consequently 
there must be a continuous increase of the vorticity 11). In TAYLOR’s view 


11) G, I, TAYLOR, Journ. Aeron. Sciences 4, p. 315, 1937; G. I. TAYLOR and A, E. 
GREEN, Proc. Roy. Soc. (London) A 158, p. 501, 1937; G. I. TAYLOR, ibid. A 164, p. 15, 
1938. 


In order to obtain an estimate of the minimum thickness to which a vortex can be 
drawn out, we may consider a field of fluid motion, which, when described with reference 
to cylindrical coordinates r, #, z, possesses the velocities: 


C—O 0 (br) 2 Uz, 


where U is a constant. This field satisfies the equation of continuity. As u has been 
assumed to be independent of z, the only vorticity component is: 
ee (a7) 
V2 2 Or 0 


When the pressure is taken equal to: 


pa Fee +4z te f dew 


1 


this process represents the fundamental mechanical cause which controls 
the dissipation of energy in turbulent motion. 

It will be evident that TAYLoR’s result, connected as it is with the laws 
governing vortex motion, is a typical effect due to the presence of terms 
of the second degree in the hydrodynamical equations. Notwithstanding 
the difference in geometrical character, the model system in this respect 
shows a similar behaviour: also here there are present terms of the second 
degree, which bring about the tendency to produce steep fronts, and these 
are the loci of high values of the gradient Ov/Oy and consequently of 


intensive dissipation, 


6. Conclusive remark. — The results of the preceding discussion, taken 
together with the investigations of the previous paper, can be summarized 
by saying that the model system in a simplified way possesses the 
essential features which are governing the energetical relations of the 
hydrodynamical system. It would appear therefore that a further investiga- 
tion of the statistical character of the solutions of eqs. (1), in particular 
in the case where the domain of the coordinate y is bounded and where 
boundary conditions are applied to the variables v and w, certainly will 
be worth while; should it have success, then it is to be expected that it 
will bring out features which will be helpful in the analysis of some of 
the still existing riddles of turbulent fluid motion. 


the equations of motion for the directions r and z are satisfied. We write o — ur; 
then the equation for the @-direction takes the form: 


00 do Ohted A Gales 
Ur ey Ca : 
ot Or Or r Or 
It must be expected that the solution of this equation asymptotically will approach 
to a form in which o is a function of r only. This function then must satisfy the equation: 


do Pees 
ae i =) cha 


The solution appropriate to our case is: o-— C(1-—e-r°U/2”), where 22C represents 
the strength (circulation) of the vortex. We then obtain for the vorticity: 
= ee ene. 
y 


The dissipation, calculated per unit of height in the z-direction, is found to have the value: 


io} 


ld | 24a 04? de=n20 CPU: 


0 


It is interesting to observe that here a 
tinuities of the model system ( 
given by an expression w 


gain — the same as in the case of the discon- 
< a J. M. BURGERS, Lc, pp. 26, 43) — the dissipation is 
ich is independent of the viscosity, and which is of the third 


degree with respect to the veloci 
city components of the moti = ; 
outside of the vortex proper) ea ae 


Mathematics. — Ein Satz tiber assoziierte Geraden im R,. Von 
R. WEITZENBOCK. 


(Communicated at the meeting of December 30, 1939.) 


Zu je vier Geraden allgemeiner Lage im QR, lasst sich auf lineare 
Weise eine fiinfte Gerade konstruieren, was zu der bekannten Figur von 
fiinf assoziierten Geraden fiihrt. 

Ich beweise hier zweierlei. Erstens, dass fiinf assoziierte Geraden 
allgemeiner Lage nicht Erzeugende derselben Quadrik F, im R, sein 
k6nnen und zweitens, dass die fiinfte Gerade der Ort der Kegelspitzen 
ist fiir alle dreidimensionalen Kegel zweiter Ordnung, die die vier ersten 
Geraden enthalten. 


§ 1. Die assoztierte Gerade. 


Sind 1, 2, 3 und 4 vier Geraden im R, mit den Koordinaten 
Qik, Giks Pik und mix, 
so ist 
(xc Si2) = (xa? a?) = 4. S x; a3 O45 = 0 
die Gleichung des R3, der 1 und 2 verbindet. Die drei Raume Si2, Sos 
und $3 schneiden sich in einer Geraden 4*, die mit 4 verbunden den 


Raum 4’ liefert. Dann gehen die vier Raume 1’, 2’, 3’ und 4’ durch 
dieselbe Gerade: die assoziierte zu 1, 2, 3, 4. Ihre Gleichung lautet, wenn 


Gi (aa) = 0G = er) = 0, 
die Gleichungen der vier Geraden 1, 2, 3 und 4 sind '): 
lees Be Ae oa, Se nas hoes CAL) 


Aah aa ae At 
Die Invarianten Aj; sind hier die vier unabhangigen Invarianten der 
Geraden 1 bis 4 und gegeben durch: 


A, =(mSj3) (m oH, 

oe =(aS);) (a oy 1 ed ed Vea ne 04 | 
=(aSi3) («S54 | 

cat == (pidia)" (p S23) | 


Die Bezeichnung ist hier so gewahlt, dass in (1) alle Glieder das 


1) Vogl. Proc. Kon. Ned. Akad. v. Wetensch., Amsterdam, 42, 248 (1939). 


IK 


positive Zeichen erhalten. Hier enthalt A; die Koordinaten der 1-ten 
Geraden im zweiten, die der anderen drei Geraden im ersten Grade. 
Es gilt iiberdies: 

ike == Agia, 12 => A341, 2S —— A, 13.40 (m a? Dp’) (m Be Gaye : (3) 


Die geometrische Bedeutung von A, =O ist leicht anzugeben: die 
beiden dreidimensionalen Raéume Sj3 und Sj. schneiden sich in einer 
durch die Gerade 1 gehenden Ebene E; ist A,;—O, so trifft diese 
Ebene E die Gerade 4. Die Gleichung von E in verdnderlichen Linien- 
koordinaten 7;, ist durch 

Agra = (00 a> p Nou, a) 0 


gegeben. Nehmen wir dagegen in A, die Gréssen ajx— bj, als Ver- 
anderliche 7;. = o0jx an, so stellt 
(mz? p?) (mo? a?) =0 
einen quadratischen Linienkomplex dar. Er ist der Ort derjenigen Geraden 
aix, durch die eine Ebene gelegt werden kann, die die drei Geraden 
Aix, Pik und mix schneidet. 
Ich habe vor kurzem’) die Bedingung dafiir angegeben, dass fiinf 
Geraden 1 bis 5 im R, Erzeugende derselben Quadrik F, sind. Sie lautet 
A = As, 34,23 As, 13,12 As, 14,42 + As, 42,34 AAS 42 AS 15,2510 ee) 


Nehmen wir als fiinfte Gerade die durch (1) gegebene assoziierte, so 
ergibt sich 


A = 434.23 A4,13,12 As3,14,42 | Ai, 42,34 As, 14,12 A4, 13,23 
Ai GAG As A Aa ee 
also, nach (3): 
A;,;A,A A,A,A 
A SETS Wp ES) 
ATALA aA AN MY 


d.h. fiinf assoziierte Geraden sind nicht Erzeugende derselben F, im R,. 


§ 2. Die Flachen F,. 
Die sechs linearen Raume ye 


! fi / / 7] 
Si2 ’ Si3 ’ Si4 , S34 ’ S42 ’ S33 . + * ‘ © (S’) 


gestatten es, ein System von o? Quadriken F,—0 zu bilden, die alle 
vier Geraden enthalten: 

Nees (x S12) (x S34) =F (x S}3) (2 S42) + ¥ (x Sy4) (x S23) =0. . (5) 
Neben den vier Geraden 1 bis 4 enthalt F, 


die vier Geraden 1* bis 4”, 


aim Glia Proce Kony Ned, Akad) 7 Wetensch., Amsterdam, 42, 4 (1939). 


its) 


wo z.B. 4° die Transversale von 1, 2 und 3 ist. Alle F; gehen somit 
durch die acht Geraden 1 bis 4 und 1* bis 4°. 
Wir zeigen zuerst, dass sich jede Quadrik F,, die die vier Geraden 


1 bis 4 enthalt, in der Gestalt (5) schreiben lasst. Wir setzen A, A, +0 
voraus. Dann bilden die fiinf Raume 


SaaS Are sa ee em Ga 


ein Simplex, das wir als Koordinatensimplex wahlen. Jede Quadrik F, 
lasst sich dann in der Gestalt darstellen 


B= fry (2 Sia)? + 2 fiz (x Siz) (x Sis) +... + fs (x S25)? =0, . (7) 


wo die fix Zahlenkoeffizienten sind. 
Wenn die Gerade 1 auf F liegen soll, so muss das Polynom F ver- 
schwinden, wenn wir in (7) 


(2) =O eux o14)= 0) und (xS).)—=0 
setzen. Dies gibt 


(aps — 0. 
Auf dieselbe Art erhalt man bei der Geraden 2: 


fo =fh3 =f = 0. 


Es bleibt also: 
B= fi (x Si2)? + 2 fiz (x S12) (x Sis) + 2 fis (% St2) (2° Si4) + | 


+ 2 Fra (2¢ S12) (2 Soa) ++ 2 fis (2 St2) (x S23) + 2 fog (2° Si3) (2 Sos) + > (7a) 
+ 2 fas (x S13) (2¢.S23) + 2 fag (S14) (2 S24) + 2 fos (2: S14) (x Sos) \ 
Die Gerade 3 ist gegeben durch den Schnitt der drei Raume 
(55s 933) 10) (O34) == 0), te (8) 


Hier kommt der letzte dieser Raume nicht in (6) vor, man muss ihn 
also zuerst linear und homogen durch die fiinf Raéume (6) ausdriicken. 
Dies geschieht durch die Identitat 


D (S13 S14 934 S42 S23) (S12) = 2 242 (x S12) = 0, 
wobei sich die sechs Invarianten {2;,, die fiinfreihigen Minoren der Matrix 
l| St2 Siz Si4 S34 S42 Sos || 
durch die vier Invarianten A; wie folgt ausdriicken lassen: 


Qi. —4A; A, 92 
Chesaa e/e, Op tA, A; 
2y4=—4A, A; 02 
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Hiermit findet man die gesuchte Darstellung fiir den sechsten Raum $34 
A 

! A A t A / Ad / A; iS : 4 : 9 

—Su=Si2-A A, L Sis as + Sia. A, + 52." = 023 A, (9) 


Gilt (8), dann ist also in (7a) zu setzen 


"ASA A pay As. 
(x S12) : Te es (x S14) is An (x Sp4) > ay . 
Dies liefert mit (8) zusammen fiir die Koeffizienten fix die weiteren 
Beziehungen 
A.A _ AAD 
f.=0, ire , fis= a,az he 


Auf die gleiche Art fiihrt die Bedingung, dass F die vierte Gerade 
enthalt, also fiir 


(x Si4) = 0 , (x Six) =0 und (x Six) = 0 
zu den Gleichungen 
A A 
fos=0, fis 5 a, fia , fo= 7a, fx 
Setzen wir dies alles in (7a) ein und setzen iiberdies 


A 
eis TAsAg = 2h , v= 2 fs, 


so geht (7a) schliesslich tiber in (5). 


§ 3. Die Kegel Fy. 


Wir nehmen jetzt x{, X>,...5 x6 als iiberzahlige homogene Koordinaten 
im R, und denken uns die Relation (9) in der einfacheren Gestalt 


beatae a aa er er ee AKO) 
festgehalten, wobei wir die sechs Raume (S’) in der Reihenfolge 
Si2 ’ S44 ’ Si3 ’ S24 , Si4 ’ S93 


von 1 bis 6 nummeriert denken. Die quadratischen Formen (5) bekommen> 
dann die Gestalt 


Py = 1.x, xq + x3 x4 + v x5 x5 mit E35 CG) — BIB BO . (11) 


Bei dieser Bezeichnung ist die erste Gerade 1 gegeben als Schnitt der 
drei Raéume 


x%=0, =) 5 Xe 


Wh 


ihre Koordinaten a;, kénnen also aus der Matrix 


berechnet werden. Analog findet man fiir die drei weiteren Geraden 
Ze oaund 45 


OGIES sieve | 


0100 pleas | UE | , 


sodass also die Gleichungen der vier Geraden werden: 


174 =O; 10737095 1035 = 0; ayy—aist+ais—0; 230. . (12) 


Es ist dann 
(Si)ee 02 (60.534) ==" 05 
ER Ale= See (549) ee 
(x Sj4) = —xs5 (x S23) = — x¢ 


und fiir die vier Invarianten A; erhalten wir 
Aje=— | 5 Aj - 1, As = +1. As==1, 
Hiermit wird die Gleichung der assoziierten Geraden nach (1) und (12) 
G5... © 13 + 14 — 7015 + 2093 + 2094 — 195 + 7055 + 450. . (13) 


Nach (11) haben wir als Diskriminante der Form F, der fiinf Ver- 
anderlichen ;,, X ,.005X5 ° 


O-*s 0 0 =r) 
A 0 0 0 a 
Dee Daa O 0 0 lu eae =—2ilurv(uytrvaAtiu). . (14) 
| O 0 lu 0 1) 
| y y y y 2v 


Nehmen wir also 24» +0, so sind durch 


A 
uyv+tyvaA+tiu=O0 oder v= — aie 
die Kegel F:, gegeben. Die Spitze eines Kegels bekommt die Koordinaten 
Aa aee A 
(DD TSAI it Raya (14 a 


A 
also, fiir —=o: 
u 


‘ 


1:1:0:06:—(1+0). 
Nach (13) ist der Ort der Spitzen also die assoziierte Gerade Gs. 


Proc. Kon, Ned. Akad. v. Wetensch., Amsterdam, Vol, XLIII, 1940. D 


Mathematics. — Beitrége zur Theorie der Systeme PFAFFscher 
Gleichungen. I. Ein Theorem tiber die Klassen der Faktoren 
eines Systems. Von J. A. SCHOUTEN und W. VAN DER KULK. 


(Communicated at the meeting of December 30, 1939.) 


1. Einleitung. 
Ein System von q Prarrschen Gleichungen in n Variablen 


x 
fond = 0 xe pe le Dea ee) 
oder 
pt+l n 
Wi, 2g AX"9=05  Wiy...tg = WI, ++» Wig) (1b) 


stellt bekanntlich ein p-Richtungsfeld in einer X, dar. Wir nennen den 
bis auf einen skalaren Faktor bestimmten einfachen kovarianten q-Vektor 
Wines, den kovarianten q-Vektor des Systems und jeden médglichen 
Teiler w, von wz,...1, einen Faktor des Systems. Unter Klasse eines 
Faktors w, verstehen wir die Klasse der Gleichung wi dx*=0, die 
bekanntlich stets ungerade und =n ist. Ein Gradientvektor hat also die 
Klasse 1 und allgemein ein Vektor von der Form 


u 


1 2) 2 u 
wis dps f 07 Se af Ors. en) coe ene) 
2 tie u 
wo f,...,f, s,...,8 funktional unabhangig sind, die klasse 2u—1. 
Sind i. (b=1,...,p), p linear unabhangige Lésungen der Gleichungen 


xX 


vo w,=0,. sche ot meee ee ee ee 


so lautet bekanntlich das System von p partiellen Differentialgleichungen, 
das dem System (1) adjungiert ist 


u a. fs = 0 
a Ont =05 Sar vas er he ee f)) 
oder 
V-.-Ap 0, f= OR ea Neet Me nein 2 a. (4b) 
1 p 
oder in der LiEschen Bezeichnungsweise 
Ap f= 03" Xp 0" 0 (4c) 


b 
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Der bis auf einen skalaren Faktor bestimmte einfache p-Vektor v%--:’? 
heisst der kontravariante p-Vektor des Systems. 

Ist das System vollstandig integrabel, so sind die Operatoren (LiEsche 
Klammerausdriicke) 

(Xa X») = Xab = Xa Xp ee Xp Xa == 2 we Oh a) On oie oy wemes ES (5) 

a ) 

linear abhaéngig von den Xq,. Ist dies nicht der Fall, so bildet man 
weitere Klammerfaktoren, bis schliesslich ein in dieser Weise nicht mehr 
erweiterungsfahiges System von »=p linear unabhangigen Operatoren 
entsteht. Ist » =n, so ist das System nicht integrabel, ist aber » <n, 
so besitzt es gerade n—vy funktional unabhangige Lésungen. Diese 
Lésungen bilden ein System von o”~” X,, deren »-Richtung in jedem 
Punkte die p-Richtung des Richtungsfeldes enthalt. Man sagt dann, dass 
das Richtungsfeld X,-enthalten ist. 

Man sagt, dass das Richtungsfeld Xm-bildend ist, m=p, wenn es 
im betrachteten Gebiet ein System von o”~™ X,, gibt, deren m-Richtung 
in der p-Richtung des p-Richtungsfeldes enthalten ist. Ein vollstandig 
integrabeles System ist also sowohl X,-bildend als Xp-enthalten. Der 
grésste Wert uw, den m annehmen kann, ist p—o, o heisst nach J. H. 
THOMAS die Spezies des Gleichungssystems. ') Ist das X,-bildende u-Rich- 
tungsfeld gegeben durch das Gradientprodukt (alternierendes Produkt von 


Gradientvektoren) 
1 n— 
Shey eet = Sie Ste Na ee O) 


so ist offenbar w:,..1, ein Teiler von s;,. und nach dem bekannten 


qd Anu 
Auswahlsatz muss es also unter den Gradientvektoren s; eine Anzahl 
pH —q geben, die mit wa,...1, (alternierend) multipliziert bei richtiger 


erzeugen 


Mh 


Wahl des freien skalaren Faktors in wi,...2, gerade si,...2,_ 
1 v 
WA Sz FSi, Sy pa? VSO HIP HP. = (7) 


pra Shag * 


Daraus geht aber hervor, dass man stets p— +1 Gradientvektoren 
angeben kann, deren Produkt mit wz,...,, multipliziert Null erzeugt und 


x 
aus diesem Umstande folgt, dass sich die Faktoren w, ersetzen lassen 
durch g andere Faktoren, von denen ein jeder sich als eine Summe von 
Vielfachen von hdchstens p—w-+1 Gradientvektoren schreiben lasst. 
Die Klasse jedes dieser Faktoren ist also =2(p—w)-+ 1, und es ist 
damit bewiesen, dass sich jedes System von q PrarFschen Gleichungen 
in n Variablen ersetzen lasst durch ein System von q Gleichungen, deren 


Klasse héchstens 2(p—y) +1 ist. Da fiir ein “allgemeines’’ System der 


n 

Genus bekanntlich gleich Eel ist 7), folgt als sehr rohe Abschatzung, 
q 

1) Ist g der Genus (genre) des Systems nach CARTAN, so ist also stets u 2g. 


2) , GoursAT, Lecons sur le probleme de PFAFF, Sh Sey, 
2* 


20 


dass sich ein “allgemeines "System stets auf ein System von Gleichungen 


= | VE est vist 
suriickfiihren asst, deren Klasse = 2 (e— pares ist. 


Dies sind bekannte Tatsachen. Dariiber hinaus stellen wir jetzt das 


Theorem auf: 


Jedes System von q Prarrschen Gleichungen in n Variablen, ist 
gleichwertig mit einem System von q Gleichungen, deren Klasse fiir 
p==n—q ungerade hochstens gleich p und fir p gerade hochstens 
gleich p+ 1 ist’). 


Das Theorem ist trivial fiir q—=1 und fir q=n—l. Der Beweis fiir 
q=2 ist so,einfach, das er hier nicht erdrtert werden soll. Wir bringen 
hier den Beweis far g=n—2, g = — 9) unde) Der Beweis 
fiir g=n—5 und q=—n—6 folgt in der zweiten Mitteilung. Fiir die 
iibrigen Falle ist das Theorem vorlaufig noch eine Vermutung. 

Es stellt sich heraus, dass das Problem sich zuriickfiihren lasst auf die 
Theorie der Systeme von homogenen multilinearen partiellen Differential- 
gleichungen von der Form 


| 1 ag a) ‘\ 

| Dea Pee Xp || 

ya Lar ee = Matrix vom Range < u; a: 
ies | | 
se u || 

(OLS 93, Ae eee eo 


die als natiirliche Verallgemeinerungen der Systeme homogener linearer 
partieller Differentialgleichungen (a= 1) erscheinen. Wir erhalten einen 
Satz iiber die Anzahl der unabhangigen Losungssysteme solcher Gleichungs- 
systeme und anschliessend einen Satz iiber die mdglichen Anfangsbe- 
dingungen der Lésungen. In dieser Mitteilung werden die Falle u= 2, 
P= andes == 3.8 = ebehandelts 


2. Beweis far q=n—2. 

Jedes System von (n—1) PraFFschen Gleichungen ist bekanntlich 
vollstandig integrabel, d.h. jedes kovariante (n—1)-Vektorfeld ist bis auf 
einen skalaren Faktor Gradientprodukt. Geometrisch: jedes 1-Richtungs- 
feld ist X,-bildend. Ist also q; ein Gradientvektor, der kein Faktor von 
Wi, ...2, 7 aber iibrigens beliebig ist, so ist wp, ...2, > qu ein Gradientprodukt ”) 


1 n—2 r 


Yr 
Whee Ane Qi — Pies. Dine, Gi) Phe 07 fe bal eer een) 


i) 7g : as a 

) Es muss also jedenfalls 2(p—f—2 al) +1=p fir ungerades p und >p+1 
fiir gerades p sein, eine Tatsache von der man sich leicht uberzeugt. 

2) Richtige Wahl des freien skalaren Faktors natiirlich vorausgesetzt, 
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r 
und daraus geht hervor, dass sich jeder der Gradientvektoren pi als 


Summe von Vielfachen der w, und qi schreiben lasst. So entstehen 
gerade n—2 lineare Kombinationen der w,, die Summe von Vielfachen 


; 
von q; und einem der p; sind, und deren Produkt, bei richtiger Wahl des 
skalaren Faktors in Wied gleich Wi,...i, 7 ist. Damit sind aber die 
gewiinschten Faktoren der Klasse 3 hergestellt und man kann also 
Wi, ...iy 7 folgendermassen schreiben 


n—2 n=2 


1 1 
CT eto) Gis (Pi as] a £4h5)). = 2 (10) 


Diese Darstellung erhalt noch (2n—3) beliebige Funktionen. Nun ist 
die héchste Anzahl der unabhangigen Bestimmungszahlen eines bis auf 
ein skalaren Faktor gegebenen einfachen (n—2)-Vektors bekanntlich 
2n—4, sodass noch eine Funktion zu viel vorhanden ist '). 

Wir fragen jetzt, welche Bedingungen man einem Faktor von der 
Form 10;p+ “0,q in einem einzigen Punkt der X;, auferlegen kann. 
p und q geniigen der Gleichung 


Xp GN) Fen 


OS iar ean neers eee 121) 
| X,p X2q 


und umgekehrt fiihrt jedes Ldsungssystem dieser Gleichung zu einem 
Faktor der Klasse =3. Bei der Bildung der Gradientvektoren war der zuerst 
gewahlte Gradientvektor q, beliebig bis auf die Bedingung wy,,...:,,_5q 90, 


d.h. es sollten nicht v’ q, und v’ q, gleichzeitig verschwinden. Die sodann 
1 2 


r r 
eingefiihrten Gradientvektoren p, hatten nur der Bedingung v’’ q, p, =0 


zu gentigen. Den trivialen Fall v’** p, =0 beiseite lassend, ergibt sich bei 
fest gewahltem q; fiir p, die lineare homogene partielle Differentialgleichung 


(v“ qu) (v" Of ea v" On) Oe qu) te eg oe ale 0" dn) p=0 (12) 


1 
und diese Gleichung hat n—1 funktional unabhangige Losungen, die 


if 
triviale pq und die p. Nun kann man bekanntlich stets eine Lésung 


so wahlen, dass in x’—.x’ der Gradientvektor p; dort mit einem be- 
0 


liebigen in diesem Punkte vorgegeben Vektor P; zusammenfallt, voraus- 


gesetzt dass dort 
Ue ae ee Pi Oars ee) 2 (12) 


ist. Zusammenfassend ergibt sich also der Satz: 


1) In der zweiten Mitteilung zeigen wir, dass das Haupttheorem fiir g=n—3 es 
erméglicht diese iiberfliissige Funktion zu beseitigen und somit eine Normalform fiir 


gq —=n—2 herzustellen. 


LD 


Das Gleichungssystem 
| p X14 AX, p+uXq=0) 


(== moder: 


Repexoa| 1X)p+taXrq=0) 


in n Variablen besitzt mindestens ein System von n — i dee ee gS 


205 ae 0.3 b=1,2. (14) 


Bi Get Losin? and) ee eren zugehdrige Vektoren yee - i q. linear 
unabhangig sind. Zu jedem System von zwet Vektoren P;, Qi in a : 


das den algebraischen Bedingungen 
PPD. Open) ee On Oe) 


geniigt, gibt es wenigstens ein Losungssystem, fiir welches px =Pi, = Qi 
(SINUS aN 
0 
3.0 Beweis fur q—n —2- 
Die Methode, die fiir gn —2 verwendet wurde, wiirde hier nur zu 
Faktoren der Klasse 5 statt der Klasse 3 fiihren. Es kommt darauf an 
ein System von n—3 linear unabhangigen Vektoren von der Form 


hdr Anoka gat 
rib andentdie'den dret Gleichungea 
Un Pai OE —= 0 Ye pe ND 3 em ee mei) 
oder auch | 
Appa ekg = 0 Da 2 eee er) 


geniigen. Da sich die eventuell vorhandenen Lésungen der Gleichungen 
X,f=0 auf bekanntem Wege bestimmen lassen, betrachten wir hier nur 
solche Lésungen fiir welche X,p #0 und X,q 70 ist. Elimination 
von “ ergibt 

: (Xia p) og = 0 "ea, bas 23 eee, fa) 


Durch lineare Transformation der v’ in v’% 
b i 


, t= 1, 2.3) lasstisichw immer 
erreichen !) dass 


EX On eee 
1 1 
Xo = 0 Zo, ile ep 
2 2 OA nel Os eT) 
AGE 03-4 vt 04 & ie | orn) 
3 3 


wird. Sind die Operatoren X23, X3; und Xj) alle identisch teed Null, 


a : ; 
) a Koordinatentransformation kann man ausserdem noch stets erreichen dass 
X, = 0,, also v’=e*% wird. Diesen ir hi i 
i 1 fae Umstand brauchen wir hier noch nicht zu verwenden. 


13) 


so ist das System X; f=0 vollstandig integrabel und es gibt sogar n—3 
linear unabhangige Faktoren der Klasse 1. Diesen Fall kénnen wir also 
ausschliessen und ohne der Allgemeinheit zu schaden annehmen es sei 
X23 0. Wir bemerken noch dass X23, X3; und Xj, keine Differentia- 
tionen-nach x', x? oder x? enthalten. Statt (18) betrachten wir nun das 
gleichwertige Gleichungssystem 


( Xp — o X2p / 
a) : ar 2040, 
[ Xiq=oXzq | : (20) 
b) (Xap) X3q=0 \ 
Sind dann p und q Lésungen von (20a), so gilt fiir 
O2z2{X7 p) Xs. . Dy ie! Sc, gO a ede act (21) 
folgende Differentialgleichung 
wo 
€ = (Xz p) X3q—(X3 p) Xn2q+ } 
(23) 


Bere og = Cop rg 4g (Xe) keg — UG pin al) 


Sollen nun p und q auch Lésungen von (20b) sein, so miissen sie den 
Ausdruck @ Null ‘machen, und es muss also jedenfalls ¢ verschwinden. 
Die Gleichnng €—0O kann nun benutzt werden um o aus den Gleichungen 
(20a) fort zu schaffen, vorausgesetzt, dass der Koeffizient von o in (23) 
nicht Null sei. Wir erhalten dann zwei Gleichungen 


0, p= 6X DOES a) 
1 1 


ego Kg 0p 0 On DN sy) 
i 1 


mit der Nebenbedingung 
(X23 p) xX? q—(X2 p) X3q 7-0. * . m i. = (25) 


Die rechten Seiten der Gleichungen (24) enthalten keine Differentiationen 
nach x! und alle vorkommenden Ableitungen sind von der ersten Ordnung. 


Sind die Koeffizienten also regular in der Umgebung von x*= x’, so 
0 


gibt es, vorlaufig abgesehen von der Nebenbedingung, nach CAUCHY— 
KOWALEWSKI ein einziges Lésungssystem von (24), das fiir 8 iibergeht 


in die beliebigen Funktionen der x’,...,x" 


(26) 


24 


. . oe - i— 1 . 
Wir miissen nun aber diese Funktionen so wahlen, dass fiir x a die 


Nebenbedingung (die keine Differentiationen nach x’ enthdlt) 


(Xa )p (Xo Glo — (Xo Blo (Xos alo FO + (Jo = Wert von () fiir x'= x! (27) 


0 
erfiillt ist, da sich sonst o schon fiir x! x! nicht aus ¢—O0 ldsen liesse. 
0 


Gilt aber (27), so ist die Existenz eines einzigen Lésungssystem von (24), 


das auch (25) und (26) erfiillt, nach CaucHY—KOWALEWSKI gesichert. 
0 0 
Ausserdem sollen nun p und q nun noch so gewahlt werden, dass die 


Lésung von (24) auch 6 Null macht, und wir verlangen also dass 4 
jedenfalls schon fiir x’=x! verschwindet : 
0 


0 0 


(Xp pls (Xaq)en 0 ee 


0 0 

Nehmen wir einen Augenblick an, es gelange p und q den Bedingungen 
0 0 

(27) und (28) entsprechend zu wéahlen, so wiirde fiir die aus p und q 


hervorgehende Lésung p,q der Ausdruck @ der Gleichung 


X,0—X2(6 6)=0 : ‘ A 3 : . . (29a) 
oder ausgeschrieben 
0,0 =X, (o 6)—v40,0—...—v0n0. . . . (296) 
1 i 

geniigen, in welcher Gleichung o jetzt, nach Bildung der Lésung p,q, 
eine bekannte Funktion von x!,...,x” ware. Nun geniigt aber 6 infolge 

(28) jedenfalls der Gleichung 
Neen we Roeder Nes 5. x 2 (EQ) 

0 


Da es nun aber einerseits nach CAUCHY—KOWALEWSKI nur eine einzige 


Lésung von (29b) gibt, die fiir x’ =x! Null wird, anderseits aber 6 =0 
0 


offenbar eine solche Lésung ist, so ist diese Lésung auch die einzige 


und daraus geht hervor, dass die konstruierte Loésung p,q von (20a) 
auch (206) befriedigt. 


Es bleibt jetzt also nur noch zu zeigen, dass es tatsachlich Funktionen- 
0 0 


systeme p, q von x’,...,x" gibt, die gleichzeitig (27) und (28) befriedigen 
und die Anzahl der méglichen unabhangigen Funktionensysteme zu 


. - a 
bestimmen. Man wahle dazu fiir q eine Funktion, die die Ausdriicke 
0 0 
(X> q)o ; (Xo3 qo A < . c ; < A G (31) 
nicht beide zum verschwinden bringt und substituiere diese Funktion in 


0 
(28). Es entsteht dann eine fiir p lineare homogene partielle Differential- 


Z5 


gleichung erster Ordnung in x’,...,- x". Diese ou hat n—2 funktional 
unabhangige Lésungen, darunter die triviale — q. Es gilt die anderen 
0,r 


Mosungenasa at == 1,04, n—3), so zu wéahlen, dass fiir jede einzelne 


0,% 
Lésung p gilt 


Cera dh Cobo Megs e0-- . 2. G2) 


Bekanntlich lassen sich nun die n—2 Lésungen einer solchen Gleichung 


so) wahlen, dass im Punkte x*=x*, (a= 2,.-.,.n) die n—2 Vektoren 
0 
0 OO 
Oz G; ane mit n — 2 linear unabhangigen Vektoren Q., P., zusammenfallen, 
die nur den jetzt algebraischen aus (27) und (28) hervorgehenden 


Bedingungen 


(v0, v*) Pax v? Qe — v* Py (v" On 4) Q2FO0. . . . (33) 
2 Ss i} 2 vy 3 
_ Oe o 
page Que Vans 4 Bp 8 a) 2 (84) 
23, 


0 
zu geniigen haben, im iibrigen aber beliebig sind. Zwar liegt 0. q und 
0 0,x 
damit Q. schon fest, aber die Anfangswerte von 0.p sind noch diesen 


Bedingungen entsprechend wdahlbar. Im Punkte x’ =x’ wahlen wir nun 
die Koordinaten in der Xn_1 von x’,.,,,x” voriibergehend so, dass 
v* = e’, v =e’ und 2 v’ 0, v’ =e*. Dann gehen die algebraischen Beding- 


2 QD Fg 3 (2 3] 4 


0,¥ 
ungen fiir die P, tber in 


or oOo Om 0) 
0,2 
OMe De eee es 0) 


und diesen Bedingungen kann natiirlich stets geniigt werden, da Q, und 
Q, der Voraussetzung (31) nach nicht beide verschwinden. 

Die Voraussetzung, die fiir die Wahl der Anfangswerte fiir x’ =x! 

0 


aufgestellt werden musste, ist also erfiillt aa aus den Anfangswerten 


0.4 0 
p,q entstehen somit n— 3 Lésungssysteme 4 P der Gleichungen (20). 


Ein jedes solches Lésungssystem gibt einen Vektor 
i n ions 


(Uh Dieter leap a Sek 1 (37) 


und es ist « zu bestimmen aus einer der drei Gleichungen 


xy Y Y 
XppiteXAsqa—Od. ; . c . . ‘ (38) 


26 
ee oe ase 
Die n —3 so erhaltenen Vektoren sind in einer Umgebung von aa 
linear unabhangig, denn fiir = ist 


r 0,2 £10 


ee Dee eo ee Pe Be Pte AEE) 


0.2 0 | : 
und aus der linearen Unabhangigkeit von P. und Q. folgt in ae 


] n—3 


Wier a Win a OP OL Te ee (40) 
also auch 
1 n—3 
ae ah) aes 8 rav saan pms) Gk Oh (41) 


x 
Das Gleichungssystem w’ dx; —0 ist also gleichwertig mit dem System 
von n— 3 Gleichungen der Klasse 3 


r r 


: Y , 
(piste qi)dx == Oe 2 Tne ee te) 


womit das Theorem fiir g—n—3 bewiesen ist. Die gefundene Form 


fiir wa... enthalt 3 (n—3) beliebige Funktionen und diese Anzahl 


An —3 
ist der héchsten Anzahl von unabhangigen Bedingungszahlen von w,...2,,_; 
gleich, sodass wir eine Normalform gefunden haben. 

Es ist fiir das weitere wichtig ganz genau zu diskutieren welche 
algebraische Bedingungen man einem Faktor Ap;,-+q, in einem Punkt 


x” = x” auferlegen muss und welche Freiheit man behdlt. Es seien Pi, Q; 
0 


zwei Vektoren im Punkte x* = x’, die dort den algebraischen Bedingungen 


0 
a) perl P, Oly a (@) b) v* A! Pu QF = 0 
v’ Pj =o v' P, 
Ae | 7 2 
| oY Oo Q) 
if 2 
d) ov v4 P,Q, + (vF v4 + vl v1) P,Q, =0; v% =2v"0, 0%; - (43) 
as 5 2 663 4 [2 3] 
UF == 2 VE 0g 0 0 2 V0 O 
5 [3 1] 6 {1 2] 
e) vl v4 P,Q, 0 
4 2 


geniigen. Wir bemerken sogleich, dass sich die Gleichungen (43a, c, d) 
ersetzen lassen durch (43a) und 


Derick eee ea) cae = 
f) ee ee + oF vl) P, Qi =0, eres ee) 


i 
welche letztere Gleichung sich auch schreiben lasst 


g) (0, 0) Pi, Cee 02 een en oe) 


iff 


sodass wir fiir P,; und Q, schliesslich nur die Gleichungen (43a, g) und 

die Ungleichungen (43b,e) iibrig behalten. Aus dem Umstande, dass 

Ui Rt sist, tolgt, dass fur Ps und @Q,,4¢—=—2,..., n, die Bedin- 
a 


2 3 

gungen (33) und (34) gelten, und dass sich ein Lésungssystem p, q 

konstruieren lasst fiir welches 0, p= P. und 0. q = Q, fiir x” = x’. Es ist 
0 


also nur noch zu zeigen, dass in x’=.x’* auch py=0;p—=P; und qi=0:q=Q) 
0 
ist. Nun gentigen pz = 0,p und qi—0:q den Gleichungen 


Ce Oe Cae awe. et oo te os, (AA) 
(oly oe ol op gp 0" 2. (45) 
4 1 5 2 6 3 


P, und Q, aber den Gleichungen (43a) und (43f). Unter Beriicksichtigung 


des Umstandes, dass die 1-Komponenten von v’%, v’, v’, v’ und v% alle 
2 3} 4 5 6 


verschwinden, ergeben sich daraus folgende Gleichungen fiir p —P, 
und g:—Q, in x*=x’ 


(p1—P)) v# Qu — (qi — Q)) v* Pp =0 
2 2 


(p1 — P,) e i (Chic= Q)) e Py = 0 : : ’ . (44) 


{ 


(p1— P;) ye Op (gi— ©) ee Q.=0 
und die Matrix dieses Systems hat infolge (43e) den Rang 2, sodass 
pi—P; und gqi=—Q; Wir fassen das Ergebniss folgendermassen 
zusammen und formulieren alles in Bezug auf beliebige Wahl der 
Koordinaten und der Faktoren: 
Das Gleichungssystem 


XP, x1 7 || AX,p+ux,q=0 ) Xi=0"d, , 
XG peg | —0 oder: 4X,p+uX,q=0 > a, (45) 
a=1,2,3 
| Xsp Xsq | WXp ego ) \ 


in n Variablen besitzt mindestens ein System von n—3 Losungssystemen 
ie s Sia 
p,q, t=1,....n—3), deren zugehdrige Vektoren 2 px qu linear 
unabhangig sind. Zu jedem System von zwei Vektoren Pi, Qin 
x* = x*, das den algebraischen Bedingungen 

0 


a) pt Py QO) ==0 

b) v'" Pu Qu FO 

c) (0) PO == 0 (46) 
oe De res Cee |} 

d) ; 3 |= Matrix vom Range 2; X4= X33, u.s.w. 


pe Q) Sait eae v’ Q, | 
1 


6 
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geniigt, gibtes wenigstens ein Lésungssystem, ftir welches On == 01d == 
Uiieecc, se 
0 
4, Beweis fiir gerades p, wenn der Bewets fiir das vorhergehende 
ungerade p geliefert ist. 
Wir nehmen an das Theorem sei schon bewiesen fiir p—2u—1. Ist 
dann q) ein beliebiger Gradientvektor, der kein Teiler von w3,...1,, 


GM == 2 1, 1st, .SO% 1st 
Wie tp Gant Os soe Seu Tel sealer Mm (E14), 


und dieser (n —2u-+ 1) Vektor lasst sich nach Voraussetzung zerlegen 
(n —2u+1) Faktoren, darunter q, und n—2u Faktoren der Klasse 
=2a—1 

yar n 1 q 

Wi, ++: Wg q74) = up, --- Wig Ga se Gt eens (48) 


x 
Daraus folgt, dass sich jeder der Vektoren uw, linear in w, und qi 
ausdriicken lasst und es ergeben sich also q lineare Kombinationen der 


ie die sich als Summe von Vielfachen von q, und einem der um 
schreiben lassen. Diese Kombinationen miissen linear unabhdngig sein, 
da die uw, und qi es sind und ihr Produkt ist also gleich wi,...1, wenn 
man den freien skalaren Faktor in Oi richtig wahlt. Da aber 
von den Vektoren uw; bekannt ist, dass ihre Klasse =2u—1 ist, so ist die 
Klasse der erhaltenen Faktoren von What sicher =2u-+ 1 womit der 
Beweis geliefert ist, Die Faktoren haben die Form 
r iste aiese u,Y 


: 
‘Wi Shap "Sia ma FSi eee a =? nao) 
Es ist zu beachten, dass der letzte Gradientvektor rechts, s;, fiir alle 
Faktoren derselbe ist, und dass das System in dieser Darstellung dem- 
nach 2uq+1—=pq-+1 frei wahlbare Funktionen enthalt. Da die 
maximale Anzahl der unabhangigen Bestimmungszahlen eines bis auf 


einen Zahlenfaktor festgelegten q-Vektors bekanntlich pq betragt, enthalt 
die Darstellung also noch eine Funktion zu viel. 


5. Anfangsbedingungen fiir q =n —4. 
Um fiir qg=n—4 die Bedingungen abzuleiten, die man einem Faktor 
der Klasse 5 in einem Punkt x’ = x’ auferlegen darf, wahlen wir in 
0 


diesem Punkte einen kovarianten Vektor Rj, dessen (n—1)-Richtung die 

4-Richtung des Feldes nicht enthalt, der aber iibrigens beliebig ist. Die 

(n—1)-Richtung und die 4-Richtung haben dann eine 3-Richtung gemein- 

schaftlich und es ist also méglich die Richtung von v* ausserhalb dieser 
1 


3-Richtung zu wahlen. Sodann wahlen wir das Koordinatensystem und 


die Grésse von 0” So, dass oa im ganzen betrachteten Gebiet und 
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1 
dass e, = R, in x’ =x’, Es ist dann stets méglich 
0 
wahlen, dass 


p= 0) 

A= 02 v? Os fe a 
2 

BG as 05 v Os { Seah 
3 

oo Og v? 05 aoe - 
4 


De, i qehanel oF Soy vu 
2 3 4 


a 
3 


oe: Oh 
4 


Fiir die Operatoren X12, X13, X14, X23, X24, X34 schreiben wir der Reihe 
nach Xs, Xo, X7, Xs, Xo, Xi. Es seien jetzt P, und Q, zwei Vektoren 


in x* =x’, die den algebraischen Bedingungen 


0 
vv ol PO, = 0. (51) 
Ze 3, st 
er vel Py Qa 0 . (52) 
eee 
(oie wa) Pi Oie= OF alas (53) 
(Bh ee 3 10 2 
Ie De a On| 
ee : ! 
v’ P, : Q, | 
| 4 4 | 
| i=" Matuxevom Range 2 2 <2 (54) 


| 

=e 

he P, v* Q, | 
10 


|| 10 


geniigen. Sodann existiert nach dem friiher bewiesenen ein System von 


Lésungen p,q der Gleichungen 


|| X2 p X2 q | 

| 
| Xp ae 
| Xp Xeq || 


fiir welches p, =P; und qi, = Q,; ist in x* = x”, 
0 


das Gleichungssystem 
Roe 2Gilep  P.Gope | 
Xp X2q Xr 
Xsp Asq A3r 
MG DAGla, DOF 


(55) 


Betrachten wir jetzt 
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wo p und q schon die oben konstruierten Lésungen von (55) sind, so 
sieht man unmittelbar, dass r—<x', also ri = Ri diese Gleichungen erfiillt. 
In der Tat enthalten X>, X; und X; keine Differentiationen Nach 
und die dreireihigen Determinanten verschwinden also alle vermége (55). 
Nun war aber R, ein Vektor in x” =o der nur der Bedingung 


| Ri oR, v' Ri vo R: || = Matrix vom Range 1 eee (27) 
tl 2 3 4 


zu geniigen hatte, im iibrigen aber beliebig war. Die Wahl des Bezugs- 
systems und der Faktoren ist jetzt so getroffen dass in x*—= x" 


0 
O Ry ho Rim 0), 0 haa 
1 2 a 


ist. Die Bedingungen fiir P:,Q; und R, erscheinen hier in einer nicht 
symmetrischen Gestalt, die auf die spezielle Wahl des Bezugssystems 
und der Faktoren von v%’*"” zuriickzufiihren ist. Sie lassen sich aber 
unmittelbar in symmetrischer Form schreiben und fiir allgemein gewahlte 
Koordinaten und Faktoren: 


or tty: DO py == 0) pam es eee eS) 

pike DP Qy Roy Obs) Reno) 
(v’ v? vo? + 0% vo? + vo" v' + vv" 0 + vv" 0 + 0% v" v*) Pi, Qi, Ruj=0 (60a) 
Loe ER ph ge Se Se nl oe ee eee iy) 
oder einfacher 

(0, 08022)°PY Oj Re == 00s ae, een GOD) 


U Dae Cy eu Ry | 
1 1 1 

|| = Matrix vom Range 3; X,= Xj, u.s.w. (61) 
| 
| 
In der Tat sind diese Bedingungen bei der speziellen Wahl des Be- 


zugssystems und der Faktoren mit den Bedingungen (51—54) identisch, 
da bei allen Vektoren v* ausser v’ die erste Bestimmungszahl Null ist und 
1 


|v P, v'Q wR, 
|| 10 10 10 


Ri=e, ist. Die jetzt erhaltene Form der Bedingungen ist aber von 
dieser speziellen Wahl unabhangig und zusammenfassend kénnen wir 
also den Satz aussprechen. 

Das Gleichungsstem 


Xip A,.q Ayr A(R NG? Ayr sO) 

X2p X,q Xo ne 

Kip Xia X = 0 oder ; 2 (62) 
3P 43q A3r AXsp+uX3,q+vX3r=0 Del 2 23,4 

ape Xaq X47 AXsp+uX,q+vX3r=0 
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in n Variablen besitzt mindestens ein System von n—4 Losungssystemen 
Sete h it ee ae 
p.qr,(t=1,...,n—3), deren zugehdrige Vektoren 1pi+ u Gia qi, 
linear unabhangig sind. Zu jedem System von drei Vektoren P;, Q;, Ri 


in x*—= x", das den algebraischen Bedingungen (58—61) geniigt, gibt 
0 


es wenigstens ein Losungssystem, fiir welches 0,p—P;,0,q = Q:, 0:r=Ri 


Ry OS ta ee 
0 


Chemistry. — Der Einfluss des Dispersitatsgrades auf physikalisch- 
chemische Konstanten. (Siebente Mitteilung). Won ERNST COHEN 
und J. J. A. BLEKKINGH Jr. 


(Communicated at the meeting of December 30, 1939.) 


Der Einfluss der Dispersitat kristallisierter Stoffe auf das elektrische 
Leitvermégen ihrer gesattigten Losungen. 


EINLEITUNG. 


Bekanntlich hat man bisher aus der Tatsache, dass sich ein Unterschied 
zwischen dem elektrischen Leitvermoégen der bei bestimmter Temperatur 
gesattigten Lésungen eines Stoffes feststellen liess, je nachdem dieselben 
mit grdsseren, bezw. mit kleineren Kristallen dieser Substanz im Gleich- 
gewicht waren, den Schluss gezogen, dass die Léslichkeit grosser, bezw. 
kleiner Kristalle derselben Substanz eine verschiedene ist. Selbst die 
neueste Literatur iiber diesen Gegenstand!) fithrt noch immer Versuche 
von G, A. HULETT an, auf Grund derer er beim Bariumsulfat auf Differen- 
zen von 80 Prozent schloss. 

Nachdem uns die Erscheinung bekannt geworden war, welche wir mit 
dem Namen ,,Dispersitatseffekt’’ belegt haben 2), erschien es uns not- 
wendig, das Problem aufs neue zur Hand zu nehmen und zwar unter 
Ausschluss der Moglichkeit, dass die zur Untersuchung gelangende, 
gesattigte Loésung infolge darin noch vorhandener unsichtbarer fester 
Teilchen ein elektrisches Leitvermégen aufweist, das teilweise auf die 
Gegenwart jener Teilchen zuriickzufiihren ist, welche zur Leitfahigkeit 
der gesattigten Lésung beizutragen im stande sind 3). 

Ausserdem war aber auch ganz besonders darauf zu achten, dass die zu 
untersuchenden Substanzen mdglichst rein waren. Diesen beiden Anfor- 
derungen wurde bisher nicht geniige geleistet bei den Wersuchen mit 
Bariumsulfat, welche, wie bereits oben betont, stets angefiihrt werden als 
iiberzeugende Beweise fiir die Existenz eines Unterschiedes zwischen der 
Léslichkeit von kleinen, bezw. grossen Kristallen desselben Stoffes. 


A. DER BISHERIGE STAND DES PROBLEMS. 


1, Zunachst sei hier der bisherige Stand des Problems kurz skizziert. 
Nachdem F. Kou_rauscu 4) die Léslichkeit in Wasser s.g. unldslicher 
2 Vergl. z.B. J. H. HILDEBRAND, Solubility, Second Edition, New York 1939. S. 188. 
*) Proc. Kon. Akad. v. Wetensch., Amsterdam, 39, 155 (1936), § Off. 
) J. J. BIKERMANN, Z, physik. Chem. (A) 163, 378 (1933). 


4) Z. physik. Chem. 12, 234 (1893). Auch KOHLRAUSCH und HOLBORN, Das Leit- 
vermdgen der Elektrolyte, Leipzig 1916. 
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Salze durch Feststellung der Leitfahigkeit ihrer gesattigten Lésungen ermit- 
telt hatte, wurde dieses Verfahren auch mehrfach angewendet zur Bestim- 
mung der Differenz zwischen den Léslichkeiten des Bodenk6érpers vor und 
nach dessen Zerreiben. So fand G. A. HULETT 1) in dieser Weise, dass 
beim Gips Unterschiede bis 20 Prozent, beim Bariumsulfat selbst solche bis 
80 Proz. eintraten. Beim Gips stellte sich spater heraus 2), dass derselbe 
beim Zerreiben teilweise dehydratiert wird (CaSO, .2H,O > CaSO,), 
und dass das Anhydrid c.p. eine gréssere Léslichkeit besitzt als das Hydrat. 
Ein Teil der Zunahme des Leitvermégens der gesattigten Lésung war 
somit auf jenen Vorgang zuriickzufiihren. 

Heute ist allgemein bekannt, dass Bariumsulfat sich ohne Weiteres nicht 
in vollig reinem Zustande darstellen lasst, da wahrend und nach seiner 
Bildung aus Lésungen seine eigenen und auch fremde Ionen auf der Ober- 
flache adsorbiert, und auch in dem Niederschlag gefunden werden 3). 

Obwohl F. KouHLRAUSCH #) bereits die Méglichkeit betont hatte, dass 
das starke Ansteigen der Leitfahigkeit der Bariumsulfatlésungen, welches 
nach dem Zerreiben der Kristalle eintritt, einer in denselben vorhandenen 
Verunreinigung zuzuschreiben ist, wurde erst spater von HULETT und 
L. H. Duscuak 5) mittels eines besonders eleganten Verfahrens der Nach- 
weis erbracht, dass dem tatsachlich so ist, und dass, falls das Sulfat mittels 
einer BaClo-Lésung dargestellt wird, mehr als 1 Prozent dieses Stoffes 
in den Kristallen des gebildeten BaSO, vorhanden ist 6). Dessen unge- 
achtet hat HULETT, soweit uns bekannt, seine Léslichkeitsversuche am 
BaSO, niemals wiederholt. Er hatte gefunden, dass beim Zusetzen eines 
zerriebenen BaSO,-Praparats zu einer gesattigten Lésung des nicht zer- 
riebenen, das Leitvermégen der Lésung bis zu einem Maximalwert zunimmt, 
und sodann innerhalb weniger Minuten zunachst langsam, spater aber 
ausserst langsam abnimmt, um dann nach 1 bis 2 Tagen einen konstanten 
Wert zu erreichen, der indes um ein Geringes hoher ist, als der des Leit- 
vermégens der ,,normal’’ gesattigten Losung. HULETT schloss daraus zu 
Unrecht, dass, falls diese Zunahme von einer Verunreinigung verursacht 
ware, das elektrische Leitvermégen nicht abnehmen kénne, und dass die 


tye Zn piysike, Chem, 37,738)» (1901);947, 357 (1904). 

2) M. L. DUNDON und E. MACK Jr., J. Am, Chem. Soc. 45, 2479 (1923). 

3) Vergl. auch D. BALAREW und Mitarbeiter, Z. anal. Chem, 72, 303 (1927); Kolloid 
Chem. Beihefte 30, 249 (1930); Z. Krist. (A) 89, 268 (1934); Kolloid Z. 67, 203 (1934). 
Z. KARAOGLANOV, Z. physik. Chem. (A) 178, 143 (1937); Bozo TEZzAK, Literatur tiber 
BaSO4-Niederschlage, Z. physik. Chem. (B) 32, 52 (1936); L. DE BROUCKERE, J. chim. 
phys. 25, 605 (1928); 26, 250 (1929); 27, 548 (1930); I. M. KOLTHOFF und Mitarbeiter, 
Chem. Weekbl. 29, 346 (1932); 31, 102, 230, 244, 395, 526, 550, 598 (1934); 33, 321 
(1936); J. Am. Chem. Soc. 56, 1658 (1934). 57, 2577 (1935); 59, 1237, 1639 (1937); 
60, 508 (1938). 

4) Z. physik. Chem. 44, 197 (1903), Fussnote S, 227—228. 

5) Z. anorg. Chem. 40, 196 (1904). 

6) Vergl. auch KARAOGLANOV und B. SAGORTSCHEV, Z. anorg. allgem. Chem, 198, 
Soy) (aK hil). 
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beobachtete Abnahme somit als eine Folge der Rekristallisation kleinerer 
Kristalle zu grosseren anzusprechen sei. 

Nun wurde aber von D. BALAREW ') nachgewiesen, dass auch nach 
Zusatz von einigen Tropfen einer verdiinnten Bariumchloridlésung zu einer 
gesattigten Losung des Sulfats das elektrische Leitvermégen der letzteren 
plotzlich ansteigt, um sodann langsam abzunehmen, Er war somit der Erste, 
welcher die HuLeTtsche Erklarung, dass ausschliesslich die Zerteilung des 
verriebenen Bariumsulfats hier eine Rolle spielt, widerlegte. 


2. Das beobachtete Verhalten lasst sich auch beim chemisch reinen 
Bariumsulfat vollig erklaren, und zwar auf Grund folgender Ueberlegung: 
Bei den Untersuchungen von H. R. Kruyt und seinen Mitarbeitern 2) 
stellte sich heraus, dass ein Salzkristall im allgemeinen nur dann mit einer 
Lésung, in welcher sich eine gleiche Anzahl der beiden vorhandenen Ionen 
befinden, im Gleichgewicht ist, falls an der Oberflache dieses Kristalls 
eines der Ionen (meist das negative, oder ein anderes negatives, welches 
in dasselbe Gitter passt,) im Ueberschuss vorhanden ist. Die aequivalente 
Menge der anderen Ionen (meist beliebige positive Ionen, die s.g. 
Gegenionen) befindet sich im Ueberschuss in der Doppelschicht. A.. J. 
Rutcers und J. To. G, OveRBEEK?) haben darauf hingewiesen, dass 
diese Ionen der Doppelschicht zu dem Gesamtleitvermégen beitragen, 
alsob dieselben sich in freiem Zustande in der Lésung befanden. Es ist 
somit, alsob wir schnell einen Ueberschuss von Ba-Ionen in die Lésung 
bringen, wenn wir plotzlich die Gesamtoberflache des Bodenkérpers ver- 
gréssern. Dies erreichen wir, falls wir einer gesattigten Bariumsulfatlosung 
eine gewisse Menge von feinzerriebenem, chemisch reinem (trocknem) 
Bariumsulfat zusetzen. Da auch jetzt das Léslichkeitsprodukt des Sulfats 
iiberschritten wird, wird ein geringer Betrag des Salzes auskristallisieren. 
Wahrend dieses Vorganges, welcher sehr langsam verlauft, besonders 
aber in dem Falle, wenn nicht geriihrt wird, fallt das elektrische Leitver- 
mdégen, da die Gesamtzahl der Ionen abnimmt. Dennoch bleibt diese 
Gesamtzahl, und folglich auch das Leitvermégen, grdsser, als in der 
urspriinglichen, normal gesattigten, Lésung, es sei dann, dass die Ober- 
flache des Bodenkérpers auf die Dauer eine geringere wird infolge des 
Verwachsens der Kristalle. Bei Suspensionen wird der konstante Endwert 
des Leitvermogens der gesattigten Lésung stets héher sein, als der von 
richtig filtrierten gesattigten Losungen. 


3. D. BALAREW #4) hatte bereits die Aufmerksamkeit auf die Tatsache 


') Z. anorg. allgem. Chem, 145, 122 (1925). 


2) Vergl. u. A. E. J. W., VERWEY und H. R. Kruyr Z. phve 
; RWE . IR, eles k. 
137, 149, 312 (1933) os a ee nai 


%) Z. physik. Chem. (A) 177. 29 (1936). 


4) Z. anorg. allgem. Chem. 145, 122 (1925): 151, 68 (19 
: / } , 26); b : 
MiSs (OA), ) (1926); 154, 170 (1926); 163, 
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gelenkt, dass bei einem zerriebenen Bodenkérper neue Bruchflachen der 
Einwirkung des Lésungsmittels ausgesetzt werden, statt der natiirlichen 
Kristallflachen bei nicht zerriebenen Praparaten. Er glaubt hierdurch das 
von HUuLetr beobachtete Verhalten erklaren zu koénnen, Auf Grund 
einiger Versuche, welche mit einem nicht reinen Bariumsulfat angestellt 
wurden, kommt er zu dem Schluss, dass ,,man weder durch Zerreiben 
einer Kristallsubstanz noch durch Niederschlagen von feinen kolloidalen 
Teilchen die gréssere Léslichkeit der kleinen Teilchen experimentell mit 
Sicherheit bestatigen kann’, Ferner weist er darauf hin, dass die Teilchen, 
welche einen Durchmesser von 0.1 « besitzen, und welche nach HULETT 
und nach der Formel von Wi. OSTWALD—FREUNDLICH 1) in Lésung gehen 
miissten, nach langerer Zeit (Jahren) noch in der Suspension vorhanden 
waren. 


4. Das namliche hatte bereits M. L. DUNDON 2) festgestellt: ‘It has 
been observed that fine particles may have their solubility diminished by 
an electrical charge or adsorption effect on the surface’’. 

Diese Erklarung wird gestiitzt von den theoretischen Ausfiithrungen von 


W. C. Mc. Lewis?) und von denen von L. F. Knapp 4). 


B. DAS VERSUCHSVERFAHREN. 


5. Das Leitvermégen unserer Lésungen ermittelten wir nach dem 
bekannten Verfahren von F. KOHLRAUSCH mit Wechselstrom und Tele- 
phon, unter Zuschaltung eines Kondensators. Fiir Einzelheiten verweisen 
wir auf die Doctordissertation von J. J. A. BLEKKINGH Jr. (Utrecht 1938), 
welche wir hier fernerhin mit den Buchstaben D.B. bezeichnen werden. 
Der geeichte Briickendraht war durch Zusatz von zwei Manganindraht- 
rollen auf 10 m gebracht 5). Samtliche Widerstande waren geeicht. Die 
Temperatur (25.00° C.) liess sich mittels eines grésseren Regulators (In- 
halt 500 cc), welcher mit Tetrachloraethan gefiillt war, innerhalb 0.005° C. 
konstant halten. Das verwendete Beckmannsche Thermometer (in 0.01° C. 
geteilt) war mit einem in 0.1° C. geteilten, von der Physikalisch-Tech- 
nischen Reichsanstalt in Charlottenburg-Berlin geeichten Normalthermo- 


meter verglichen worden. 
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H. FREUNDLICH, Kapillarchemie, Leipzig 1930, S. 218. 

J. Am. Chem. Soc. 45, 2569 (1923). 

Kolloid Z. 5; 91 (1909). 

itanse ParadaysSocuwl /.045/ \(L92N22)% 

Bei der Bestimmung des sehr geringen Leitvermégens des verwendeten Wassers 
und der gesattigten Bariumsulfatlésungen verlangerten wir den Briickendraht (Platin) 
nur an einer Seite, um in dieser Weise den Stand des Schleifkontaktes, bei welchem das 
Tonminimum eintrat, auf dem Platindraht halten zu kénnen. In diesem Falle betragt die 
Lange des Messdrahtes 5.5 m; die Genauigkeit der Messung ist dann noch eine sehr 
geniigende. Das Tonminimum liess sich bis auf 0.1 bis 0.2 mm scharf ermitteln. 
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6. Unsere Widerstandsgefasse (Fig. 1), welche wir mit den Num- 
mern 1, bezw. 2 bezeichnen, waren aus Ss.g. FiscHERglas hergestellt. Nach 
griindlicher Reinigung kochten wir sie wahrend etwa 20 Std. mit destil- 
liertem Wasser aus. No..1 verwendeten wir ausschliesslich zur Bestimmung 
des Leitvermogens der Bariumsulfatlésungen, bezw. der 
Suspensionen dieses Salzes, wahrend No. 2 ausschliess- 
lich dazu diente das Leitvermégen des verwendeten 
Wassers in jedem Falle aufs neue festzustellen. An das 
Gefass, welches etwa 35 cc fasste, waren zwei Glas- 
rohre E angeschmoilzen, die an ihrem unteren Ende 
Platinbleche von je 1 cm2 trugen. In die Réhrchen E 
gaben wir Quecksilber, und tauchten in dieses die 
Drahte, welche zur Briickenkombination fiihrten. Die 
Entfernung zwischen den Platinblechen betrug etwa 
8 mm. Dieselben waren einander parallel, und befanden 
sich ungefahr in der Mitte von B. Die Widerstands- 
kapazitat dieser Gefasse blieb wahrend der Unter- 
suchung, welche mehr als ein Jahr in Anspruch nahm, 
vollig unverandert, auch nach der Behandlung mit kon- 
zentrierter Schwefelsdure bei 100° C., welche erforder- 


lich war um die letzten Spuren von BaSOy von der 
inneren Glaswand zu entfernen, Wir platinierten die 
Elektroden schwach mittels einer frisch dargestellten 
Lésung, welche 3 Prozent Platinchlorwasserstoffsaure, sowie 0.025 Prozent 
Bleiazetat (nach LUMMER und KURLBAUM) enthielt. Nach kathodischer 
Polarisation in verdiinnter Schwefelsaure dauerte es noch mehrere Tage, 
bevor die Kapazitat wieder konstant wurde, ungeachtet des haufigen 
Spiilens mit heissem, bezw. kaltem Wasser. Die Kapazitat stellten wir fest 
mittelst Chlorkaliumlésungen, welche 0.01 bezw. 0.02 n. waren. Dieselbe 
ergab sich zu: 0.3940 cm—1 (Gefass No. 1), und 0.3691 cm—1 (Gefass 
No. 2). 

Bei den Messungen fiillten wir das Widerstandsgefass fast véllig mit 
der zu untersuchenden Fliissigkeit. Geringe Héhendifferenzen im Stande 


derselben (bis etwa 1 cm von oben) iibten keinen Einfluss auf den gemes- 
senen Widerstand. 


igual: 


An die Rohre A und D schlossen wir langere, gereinigte Gummischlauche 
an, welche auf der andern Seite geschlossen waren. Durch abwechselendes 
Zusammendriicken und Freigeben derselben liess sich der Inhalt des 
Widerstandsgefasses in Bewegung setzen. 

Der Widerstand in derartigen geschlossenen Apparaten blieb wahrend 
mehrerer Tage konstant; selbst nach zwei Monaten hatte das Leitvermégen 


unseres doppelt destillierten Wassers nur eine Zunahme von 15 Prozent 
erlitten. 


7. Die Gefasse standen in dem Thermostaten stets in einem Stativ 


eve 


unter Wasser. Nachdem wir die zu untersuchende gesattigte Lésung in 
ausgedampften, dickwandigen Flaschchen im Schiittelapparat (Vergl. D.B. 
Seite 60 ff.) hergestellt hatten, pressten wir dieselbe (ohne zu filtrieren) 
mittels eines Gummiballons in das Widerstandsgefass. Bei den Ver- 
suchen, in denen nicht geschiittelt war, saugten wir die Lésung mittels 
einer Wasserluftpumpe ohne Weiteres in das Gefass. In derselben Art 
und Weise entfernten wir die Lésung und spiilten das Gefass mit doppelt 
destilliertem Wasser aus. Nach dem Fiillen verschlossen wir das Gefass 
sofort, und schritten zur Messung. 

Die Genauigkeit derselben betrug 0.01 X 10-6 mho/cm; ihre Reprodu- 
zierbarkeit geht indes nur bis etwa 0.1 X 10-6 mhojcm, da die geringste 
Verunreinigung (CO,, NH aus der Atmosphare) infolge des Ausserst 
geringen Leitvermégens des Wassers und der Bariumsulfatlésungen, einen 
sehr grossen Einfluss iibt. 


C. DIE VERWENDETEN STOFFE. 
1. Das Wasser. 


8. Wahrend wir betreffs Einzelheiten auf D.B. Seite 85—88 hinweisen, 
bemerken wir hier nur kurz Folgendes: Nach vielen Vorversuchen gelang 
es uns ein fiir unsere Zwecke vorziiglich brauchbares Wasser darzu- 
stellen, dessen Leitvermégen gering, und wahrend langerer Zeit konstant 
war. Wir erhielten es durch Destillation grésserer Mengen aus einem 
kupfernen Kessel und darauf folgender Destillation unter Verwendung 
eines silbernen Kihlers. Das erste so erhaltene Liter wurde nicht ver- 
wendet. Nachdem das Destillat wahrend einiger Zeit ruhig gestanden 
hatte, (in einem Kolben aus Jenaer Glas) war seine Leitfahigkeit (abhangig 
von der Temperatur, bei welcher es gestanden hatte, d.h. von der Tatsache, 
ob es viel bezw. wenig Gase enthielt) 1.20 bis 1.70 X 10-6 mho/cm. An 
einem heissen Sommertage erreichten wir Werte bis 0.80 X 10-6 mho/cm. 
Das Leitvermégen blieb sehr konstant. Es wurde bei jedem Versuch mittels 
des Gefasses No. 2 festgestellt und bei der betreffenden Sulfatlésung in 
Rechnung gezogen. 


2. Das Bariumsulfat. 


9. Nach vielen vergeblichen Versuchen ein chemisch reines BaSO, 
darzustellen (Vergl. D.B. Seite 88—89 und 92—93), schlugen wir 
folgenden Weg ein, der zum Ziel fiihrte: Wir stellten uns zunachst aus 
BaCl.2H,O pro analysi) und reiner, konzentrierter Schwefelsdure 
Loésungen her, welche genau 2 n. waren. Meistens tropften wir die Chlorid- 
lésung bei Zimmertemperatur unter stetem Riihren zu der verdiinnten 
Schwefelsaure. Sowohl in diesem Falle, wie bei Verwendung von heissen 
Lésungen (90° C.), ist der gebildete Niederschlag stark verunreinigt. 
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Durch haufiges Dekantieren (20 Mal) pro Tag mit kaltem, bezw. warmem 
Wasser, oder langerem Kochen mit Wasser lasst sich die Reinigung des 
Niederschlages nicht erzielen. Dass derselbe stets Chlorid enthielt, falls er 
mittels BaCl, dargestellt wurde, wiesen wir nach dem HULETT—DUSCHAK~ 
schen Verfahren nach. Zu diesem Zwecke lésten wir das Sulfat in 
konzentrierter, heisser Schwefelsaure und leiteten durch diese Lésung in 
dem in Fig. 2 abgebildeten Apparat, 

der in einem Wasserbade auf 100° C. 

gehalten wurde, wahrend zwei Std. 

Luft. Bei A schlossen wir eine Wasch- 

flasche mit titrierter Silbernitratlosung 

¢ an, und hinter derselben eine zweite zur 

Kontrolle. Nachdem das gebildete HCl 

aus B in die Silberlésung getrieben war, 

titrierten wir letztere nach VOLHARD. 

So fanden wir, dass unser BaSO, etwa 

B 0.25 Proz. Bariumchlorid enthielt. 


10. Zwecks weiterer Reinigung 
des Sulfats verfuhren wir nunmehr fol- 
gendermassen: Wir entfernten die 

isiaelan chlorfreie Lésung des Sulfats in Schwe- 
felsAure aus B und tropften unter 
stetem Riihren Wasser in diese Lésung 
Fig. 2 (dieses Wasser war zu Leitfahigkeits- 
bestimmungen hergestellt worden). 
Nachdem sich der Niederschlag zu Boden gesetzt hatte, dekantierten wir 
die dariiberstehende Fliissigkeit taglich wahrend 1 bis 2 Wochen. Sodann 
trockneten wir den Niederschlag, gliihten ihn im Platintiegel zunachst 
vorsichtig, wobei deutlich Schwefelsaurenebel entwichen, pulverten den- 
selben mehrmals und gliihten ihn im Plantintiegel im elektrischen Ofen 
wahrend etwa 5 Std. bei zirka 800° C. Eine zu hohe Temperatur ist dabei 
zu vermeiden, weil das Sulfat dann merklich zu dissoziieren anfangt. Die 
grésseren Stiicke des Sulfats, welche in dieser Weise erhalten wurden, 
behandelten wir mehrere Male mit ,,Leitfahigkeitswasser’, welches durch 
Dekantieren entfernt wurde. Sie wurden unter derartigem Wasser aufbe- 
wahrt. Dass BaCly in dem Niederschlage nunmehr nicht vorhanden war, 
stellten wir nach dem HuLETT—Duscuakschen Verfahren fest. 


11. Das beste Kriterium fiir die chemische und physikalische Reinheit 
des verwendeten Bariumsulfats ist das elektrische Leitvermégen der 
gesattigten Losung desselben, welcher man iiberschiissigen Bodenkorper 
zugesetzt hat. Ist dieses Leitvermégen gering, und Andert es sich nicht mit 
der Zeit, so darf man auf die Reinheit des Praparates schliessen. Bei 
unseren sehr zahlreichen Versuchen haben wir dementsprechend das 
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elektrische Leitvermégen der gesattigten Lésung (mit Bodenkérper) als 
Mass fiir die Reinheit des Sulfats benutzt. Bei den ersten Messungen betrug 
es fiir die gesattigten Lésungen eines Praparats, welches mehrere Male 
gewaschen war, etwa 10.0 X 10-6 mhojcm, und stieg bei ruhigem Stehen 
der Losung im Laufe eines Tages auf 20.0 X 10-6 mho/cm. Von dieser 
Gréssenordnung war auch das Leitvermégen in den Versuchen von 
M. L. DuNDON !) und in denen anderer Forscher auf diesem Gebiet 2). Es 
bleibt sehr meckwiirdig, dass die Schlussfolgerungen, welche man aus 
Versuchen an derartigen Praparaten gezogen hat, ohne weiteres in die 
Literatur und in die Lehrbiicher tibernommen wurden. Das Leitvermégen 
der bei 25.00° C. gesattigten Lésung des von uns verwendeten, reinen 
Bariumsulfats betrug 4.0 bis 4.5 X 10-6 mho/cem und war selbst nach zwei 
Monaten unverandert geblieben. Bringt man die Leitfahigkeit des verwen- 
deten Wassers in Rechnung, so fallt jener Wert auf 3.0 X 10-6 mho/cm. 


12. Die Dimensionen der Teilchen des Bodenkérpers der untersuchten 
gesattigten Losungen ermittelten wir mehrmals auf mikroskopischem 
Wege. Wir stellten den Durchschnitt der kleinsten Teilchen bei 70-maliger 
Vergrosserung (oder mehr) fest und nahmen den Mittelwert einer grés- 
seren Anzahl Messungen als Kriterium. Die Okularskala hatten wir zuvor 
mit einem in 0.01 mm geteilten Objektmikrometer von CARL ZEISS kon- 
trolliert. Es stellte sich heraus, dass die Kristalle, welche sich beim sehr 
langsamen FEintropfen einer 0.01 n. Bariumhydroxydlésung und einer 
gleichkonzentrierten Schwefelsdurelésung in destilliertes Wasser gebildet 
hatten, aus ziemlich grossen, durchsichtigen Bléckchen bestanden, deren 
Durchschnitt etwa 5 bis 10 « betrug. 

Beim Diffundieren (wahrend sechs Wochen) einer 0.01 n. Schwefel- 
saure durch Pergamentpapier in eine aequivalente Menge einer 0.01 n. 
Bariumhydroxydlésung erhielten wir Kristalle von 250 « und dartiber. 

Beim Schiitteln grésserer Konglomerate des Bariumsulfats, welche sich 
beim Gliihen des Materials gebildet hatten (Vergl. § 10), bréckelten von 
diesen stets gréssere, bezw. kleinere Teilchen ab, so dass sich ein hetero- 
disperses Gemisch bildete. Einzelne Teilchen waren dann noch 50 wu, aber 
es stellte sich heraus, dass die grésseren Teilchen aus vielen kleineren 
aufgebaut waren, weiche an einander hafteten. 


1) J. Am, Chem. Soc. 45, 2662 (1923). 

2) Uleber die physikalische Reinheit unserer Praparate ist folgendes zu bemerken: 
Bekanntlich (Vergl. ERNST COHEN und J. W. A. VAN HENGEL, Z. physik. Chem. 
(A) 161, 179 (1932) bildet sich beim Niederschlagen eines Stoffes sehr haufig zunachst 
die metastabile Form desselben; der gebildete Niederschlag kann wahrend sehr langer 
Zeit die beiden Formen nebeneinander enthalten. Nun besitzt nach W. GRAHMAN, Z. 
anorg. Chem. 81, 257 (1913) Bariumsulfat einen Umwandlungspunkt bei 1150° C. Wir 
haben nun untersucht, ob unsere Praparate Gemische mehrerer Modifikationen dar- 
stellten. Die dilatometrische Untersuchung ergab ein negatives Resultat. (Vergl. D.B. 
Seite 89). Vergl. jedoch auch A. L. TH. MOESVELD, Proc. Kon. Akad. v. Wetensch., 
Amsterdam, 40, 155 (1937); Auch Z. physik. Chem. (A) 178, 455 (1937). 
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Nachdem die betreffende Fliissigkeit wahrend 4 Std. ruhig gestanden 
hatte, waren die meisten der darin noch schwebenden Teilchen bereits 
kleiner als 1 yu. In vielen Fallen dauerte es 10 bis 20 Std. bevor die 
Fliissigkeit véllig klar war. Aus der Tatsache, dass eine so lange Zeit zur 
Klarung erforderlich war, lasst sich schliessen, dass jedenfalls Teilchen 
vorhanden waren, deren Dimension weniger als 1 w betrug. 


13. In den Versuchen mit diesem Material, welche wir in unserer 
nachsten Mitteilung zu beschreiben beabsichtigen, handelt es sich demnach 
um Teilchen, welche nach der Gleichung von WI. OSTWALD—FREUNDLICH 
eine messbar gréssere Léslichkeit aufweisen miissten, und dementsprechend 
miissten auch deren gesattigten Losungen ein messbar grésseres Leitver- 


mégen besitzen. 


VAN 'T HoFF-Laboratorium. 
Utrecht, Dez. 1939. 


Physics. — Cathode sputtering in a magnetic field. By F. M. PENNING 
and J. H. A. Mousis. (Natuurkundig Laboratorium der N.V. 
Philips’ Gloeilampenfabrieken. Eindhoven, Holland.) (Communicated 
bysPror GehiousT.) 


(Communicated at the meeting of December 30, 1939.) 


§ 1. Sputtering coefjicient and sputtering efficiency according to earlier 
experiments. 


The elementary process in the sputtering of a metal surface is the 
liberation of one or more metal atoms !) by the collision of one ion against 
the surface. For this process a probability may be introduced, which we 
shall call the sputtering coefficient, giving the mean number of atoms 
liberated per ion from the surface and not again diffusing back to it. 
% proves to be a function of the nature and the energy V, of the ion, the 
nature and surface condition of the target metal, the gas density po (gas 
pressure reduced to 0° C) and the geometrical form of the apparatus used. 
When the target metal is an infinite plate at a distance d of another infinite 
plate (collector), the two latter variables may be combined into one, viz. 
the product pod. In this case the sputtering shows analogy to the eva- 
poration of atoms from a plate through a gas atmosphere to another 
plate 2); the fraction f, of the evaporated atoms reaching the collector 
plate being, under certain approximations 3): 


2,3, 
So 1 
fi pPod+2,3A, ( ) 
(4, = mean free path of the evaporated atoms in a gas of 1 mm pressure). 
A similar value of f; should be expected in the case of sputtering; calling 
@o the total number of metal atoms liberated by one ion, inclusive those 


returning back again, then: 


0 — f Do. 


1) From oxidized metal surfaces also ions may be liberated (comp. § 5). The 
electrochemical sputtering, where the gas ions react with the metal is left out of account 
here; comp. A. GUNTHERSCHULZE, Z. Phys. 36, 563 (1926). 

2) A. GUNTHERSCHULZE, Z. Phys. 38, 575 (1926) (sputtering of a large number of 
metals in a hydrogen glow discharge). 

8) W. DE GROOT, Physica 8, 23 (1928); H. Pose, Z. Phys. 52, 428 (1928); H. 
BARTELS, Z. Phys. 55, 507 (1929). The coefficient 2,3 holds for the case that the 
evaporating atoms have the same mean energy and the same mass as the gasatoms, the 
persistence being taken into account (without persistence the coefficient for the three- 


dimensional case is 4/3). 
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The experiments in the literature from which @ may be derived consist 
of two groups, one with 21>» pod and f,; = 1, giving directly values for %o, 
the other with 4, (< pod, giving only values for #, whilst Bo has to be 
calculated with Eqs. (1) and (2) where, however, the value of A, is very 
uncertain (comp. § 4). 

For the experiments of this first group up to now a discharge tube with 
at least 3 electrodes was necessary, the ions being formed in an auxiliary 
discharge (usually with a heated filament as cathode) and being accelerated 
to a target electrode serving at the same time as collector; the energy Vp 
of the impinging ions (in volts) here is equal to the potential difference 
between the place of origin and the target electrode. 

Most experiments on cathode sputtering belong to the second group, 
where the target electrode is also the cathode of a glow discharge. In the 
case of parallel plates, considered here, the collector often at the same 
time serves as anode for the glow discharge. In this kind of experiments 
the distance d is at least of the same order of magnitude as the thickness 
of the Crookes dark space d,; as usually 2, (¢ pode this involves 
A, << pod. Here the ions arrive at the cathode with an energy V, which 
is smaller than the cathode fall V, for two reasons: firstly, part of the 
ions are formed within the Crookes dark space and so pass only a 
fraction of the cathode fall V., secondly the ions lose energy in the 
Crookes dark space in collisions with gas atoms. Both effects we take into 
account +) by introducing a factor fo (<1). Calling 0.(V-) the number 
of atoms liberated from the cathode and not returning to it for a cathode 
fall V., we have in connection with the preceding Egs.: 


Da(V\ == fod (Ve) = fe ale) ee) 


For the determination of # the pos. ion current ip to the target electrode 
should be known. Taking into account that one ion liberates y electrons 
from the cathode, the actually measured current i is given by: 


(==1p (hay), 


As y usually is not known, the quantity directly resulting from the 
experiment is 0/(1 + y) or & /(1 + y). 

In Fig. 1 a few results for #(500)/(1 +y ) obtained according to both 
methods are summarised. The dependence on pod at low pressures should 
be considered as only approximately right as the collector was not a plate 
paralle! to the cathode. The values for tungsten given by the Research 


4) At the values of V.>500V the percentage of the ions formed within the 
Crookes dark space is usually small (comp. a forthcoming article of M. J. DRUYVESTEYN 
and F. M. PENNING in the Rev. Mod, Phys.). Moreover in the factor fy the number of 
atoms liberated by fast gas atoms originated from charge transfer has 6 be included 
For low values of po and high values of Veg 


due to these circumstances th 
i y e f 
will be not much lower than 1, actor fg 
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Staff G.E.C.5) are only relative ones as the velocity of the ions is not 
known exactly. They were reduced to absolute values by equalling the 
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Fig. 1. Values of (500), the number of atoms liberated from and not returning 
to the cathode, according to different authors, reduced to 500 V. Solid points: 
some of the results obtained in the present article. 


result for Hg+ to that given by MEYER and GUNTHERSCHULZE. The other 
points are due to GUNTHERSCHULZE c.s. 2, 6,7) with exception of the solid 
squares which give some of the results obtained in the present article 
(cylindrical electrode arrangement). The measurements, made at higher 
voltages than 500 V, were reduced to 500 V with a reduction factor derived 

5) Research Staff G.E.C. Phil. Mag. 45, 98 (1923) (first method; W in He, He, 


No, Ne, Hg, Ar). 

6) A. GUNTHERSCHULZE and K. MEYER, Z. Phys. 62, 607 (1930) (first method; 
Ag in He, He, Ne, No, Ar; Cu in Ar). 

7) K. MEYER and A, GUNTHERSCHULZE, Z. Phys. 71, 279 (1931) (first method; 


16 metals in Hg vapour). 
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from GUNTHERSCHULZE’s results. The values for Cu, Ni and Al at 
pod 2 0.5 were calculated in the supposition that here d=de. 

At low values of pod the independence of & from pod shows that 0 = Vo; 
at the high values of pod (second method) fs probably 4) may be taken 
~ 1, so that the actually measured quantity #, is not much lower than #. 

Roughly spoken % is, for Vp > 500 V, proportional to Vp, so that for 
the sputtering of one atom an energy of V,/I (Vp) (volts) is required. 
The minimum energy necessary for the liberation of one atom is the 
evaporation energy W. So we may define a sputtering efficiency « as: 


Ww 
an AT WGi Avie a (3) 
V9 (Vp) 
According to GUNTHERSCHULZE ¢.s.%“) this efficiency is only of the 
order of a percent. 

As to the dependence of # on the nature of the ion and the sputtered 
metal up to now no adequate theory has been given which covers the whole 
field, although several attempts in this direction have been made and for 
a small number of ions and atoms an agreement could be stated §). 


§ 2. Cathode sputtering in a magnetic field. 

As was remarked already in § 1 the sputtering in a glow discharge could 
not be performed at such low pressures that 2; >) pod and therefore J 
could be obtained from these experiments only by a rather strong extra- 
polation. Moreover, as the current density at constant cathode fall is 
proportional to po2, it is so small at low gas pressures that the sputtering 
times become very long. 

These inconveniencies may be eliminated by the application of a 
properly designed magnetic field which increases the lengths of the 
electron paths and consequently the amount of ionisation. As was discussed 
elsewhere ®) this influence is particularly large when the cathode is a 
cylinder with end plates perpendicular to the axis in a coaxial magnetic 
field. In this arrangement the current density may be one or more orders 
of magnitude larger than without magnetic field, so that the sputtering 
time is reduced very considerably. This is important for the technical 
coating of surfaces with metal and, as a matter of fact, the experiments of 
which some results are given below, were undertaken for this purpose. 

Apart from this advantage, the sputtering in a magnetic field may be 
performed in the pressure region where 41> pod, giving direct results for 
the sputtering coefficient % and so bridging the gap between the two 


8) A. VON HIPPEL, Ann, d. Phys. 80, 672 (1926); 81, 1043 (1926); here also the 
older literature; E. BLECHSCHMIDT, Ann. d. Phys. 81, 999 (1926 


); E. BLECHSCHMIDT 
and A. VON HIPPEL, Ann. d. Phys. 86, 1006 (1928); G. Host, Physica 4, 68 (1924); 


R. SEELIGER and K. SOMMERMEYER. Z Ph 
NENG, 7, We, BE), O92 (UBIS)\e IK. 
Rs 481 i956 ( ); K. SOMMERMEYER, 


9) FF. M. PENNING, Physica 3, 873 (1936). 


a5 


groups of experiments, mentioned in § 1 (solid squares Fig. 1). Therefore 
in the course of the experiments mentioned also a few measurements were 
made to determine the coefficient %. Although the accuracy of the 
quantitative results is not very great and might be improved by a better 
design of the apparatus, we believe that this new method is worth to be 
described and that the preliminary results obtained give a welcome 
complement to those obtained with quite different experimental 
arrangements, 

Another advantage of this method is that the three variables, current 
density (j), voltage (V) and gas density (po) may be changed indepen- 
dently of each other by the use of the magnetic field, whilst in the ordinary 
glow discharge one of them is determined by the two others. 


§ 3. Experimental arrangement. 


One of the tubes used is shown in Fig. 2. It consists of 2 parts, the fixed 
part II with a ground glass edge, and a part I with a ground flange which 
could be taken off for a new filling. Between the two grindings a rubber 
ring was inserted; the atmospheric pressure proved to be large enough to 
ensure a vacuum of 10-5 mm at the running pump. 

The cathode C is a water cooled hollow copper cylinder with two flat 
end plates, soldered to a chrome iron one, which in its turn is sealed to a 
cylindrical glass tube. The metal-glass joint is protected from the discharge 
by mica foil and a silica tube. For the water cooling a hollow brass tube is 
screwed into the chrome iron part of the cathode. 

For the sputtering of Ni and Ag the copper tube was electrolitically 
covered with one of these metals; the sputtering of Al was performed with 
a hollow Al-cylinder as a cathode. 

The amount of sputtered material was determined by weighing small 
mica plates M before and after the experiment. The holder for these mica 
plates can be moved magnetically, with the aid of the iron piece F, within 
a hollow brass case B; through a window of this case successively all the 
plates M in the holder are exposed to the sputtering. By special measure- 
ments it was stated that the amount of sputtering did not change much 
along the length of the cathode cylinder. 

The tube was placed within a coil, giving a magnetic field H parallel to 
the cathode cylinder. 

The experiments were made in flowing argon, the arrangement being 
shown schematically in Fig. 3. 

Immediately after the sputtering tube another gas discharge tube in a 
magnetic field (“magnetic manometer’) was provided for the permanent 
survey of the gas pressure 19) and the spectroscopic controll of the gas 
purity. The value of the argon pressure was measured on a Mc LEOD 
further on in the tube to the pump. According to the resistance of the 


10) , M. PENNING, Physica 4, 71 (1937). 
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tubings this presure had to be multiplied with a certain factor FE onder 

; . 
to obtain the pressure of the flowing gas in the sputtering tube. Exper 
mentally this factor was determined to about 1.7. 


FLOWING 
WATER 


| 70cm 


GAS 60 


C | 50 


RUBBER 
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40 
GLASS : 
MICA 
SILICA : 
CHROME IRON r 
COPPER ; 
Ry * 30 
M 
1 
AN Wes D oe 
B 
10 
Ro A 
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Fig. 2. Discharge tube for the sputtering of Cu. 
Sat Results for Cu. 


In Fig. 4 a few current voltage characteristics are given, showing the 
large influence of the magnetic field H. For H—0 the current below 


47 


2000 V anode voltage was zero. With magnetic field the energy required 
to cover the mica with a layer of 0.001 mm was about 5 kilowattmin, which 


SPUTTERING MAGNETIC 
oe panoveren Mc (oo 


PRESSURE VALVE 
ae =P | al, PUMP. 


‘cooLeRs IN LIQUID AIR 


Fig. 3. Schematic survey of the experimental arrangement. 


Cu- CATHODE) 
| 0014 mm Ar 


1050 oersted. 


1 2 _ 4 5A 


ae} 
Fig. 4. Characteristics of the discharge in 0.014 mm Ar with Cu-cathode. 
Parameter: magnetic field strength H. 


gives e.g. a time of only 3} min. at 500 V, 3 A. This time is very short 
as compared with that in the usual sputtering arrangements. With the tube 
mentioned in the end of § 4 it could be reduced to $ min. 

The value of #/(1 + 7) was determined as a function of i, V and p 
(see the end of § 2), changing one of these quantities and holding constant 
the other two by a proper value of the magnetic field. The following series 


were measured: 


500 V = 105. A ;  p variable 
Cie A > (0.022 mm Ar; V variable 
0.022 mm Ar; 500 V : i variable 


The results for #/(1 + y) as f(p) are given in Fig. 5; the two series 
measured showing the same behaviour but a constant difference in the 
value of #, perhaps due to a somewhat different distance from the cathode 
to the mica plate. Without magnetic field, with a current of 0.4 A 
(0.35 mm Ar), a value for #/(1 + 7) of only 0.15 could be obtained. 


In Fig. 6, which gives #/(1 + y) as F(V.) also the points have been 
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Fig. 5. Values of #/(1 +7) as a function of the pressure for Cu and Arr. 


# is the number of Cu-atoms reaching the collector per Art-ion reaching the 
cathode, 7 is the number of electrons liberated from the cathode per pos. ion. 


Cu:Ar* 
o 174;0022mm Ar 


x GUNTHERSCHULZE: 
Po=0.002-0003 


0 250 500 750 1000 1250 1500V 


. e 
Fig. 6. Values of #/(1+ y) as a function of the voltage V.. between cathode 
and anode, / 


i) 


plotted obtained by GUNTHERSCHULZE and MEYER) at much lower gas 
densities 11) and a cathode temperature of 800° K. (first method of Sete 
The agreement is good, the more so as our point for 400 V, should be 
discarded (see below). Fig. 7 shows the dependence of #/(1 + y) oni. 
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Fig. 7. Values of 3/(1 +) as a function of the discharge current i. 


In order to enable a rough survey of the experimental conditions in 
table I a few quantities, important for the discharge are given: 

Ae == mean free path of the electrons 12) with energy 4 V-. 

Ap = mean free path of the ions 13) with energy 4 V,. 

4 == mean free path of the Ar-atoms 14) at the pressure p. 

d, = thickness of the Crookes dark space, calculated after the space 
charge formel of LANGMUIR 15) d? = 5.462-10-8 M-3 V3/j (M= 
atomic weight of the ion, V = potential difference in volts, j current 
density in A/cm 2). 

r = 3,37 V V/H, radius of the circle described by an electron of energy 
V in the magnetic field H. 

1 = 11.38 4/H2,maximum distance of the cathode, reached by an electron 
starting from the cathode with zero velocity in an homogeneous 
electric field 16) of strength E = V,/d,. 


11) In order to reduce the amount in gram/ampére as given by G. and M. to 8 it 
has to be multipled with 26.8/M (M =: atomic weight of the sputtered metal). 

12) PP, LENARD, Ann. d, Phys. 12, 715 (1903). 

13) F, WOLF, Ann. d. Phys. 29, 33 (1937); A. ROSTAGNI, Nuovo Cim. 15, 117 (1938). 

14) QLANDOLT—BORNSTEIN, Physikalisch-Chemische Tabellen I (1923), p. 119. 

15) JT, LANGMUIR, Rev. Mod. Phys. 3, 191 (1931). 

16) , M. PENNING, Ned, T. Natuurk, 3, 141 (1936). 
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y == number of electrons liberated by one Art ion of energy V.. from a 
Cu cathode after GUNTHERSCHULZE, BAR and WINTER 17). 
B/(1 + y), according to Figs. 5—7. 
@, calculated with the value for y given in the table. 
® (500) — value of # for a voltage of 500 V, assuming that 


B(500)=5009(V\/Ve . 2 2 1... A) 


The values of r and / are given in order to compare roughly the path 
of an electron starting from the cathode with the thickness d. of the 
Crookes dark space. The maximum distance from the cathode, reached by 
an electron, will lie between r+d, and 2r+ defor.) "de for 
3BVV >> Hd, and will be approximately equal to ! for 3 VV << Ad; 
(see Fig. 8). For 3V V ~ Had, it will have an intermediate value, 

The table shows that generally r>d, and 2, >d- so that only few 
ions will be formed within the Crookes dark space. Only at very low 
pressures r and / are ~ d,. Here however, r and / are also << ie 80 that 
most of the electrons liberated from the cylindrical part of the cathode will 


Fig. 8. Path of an electron liberated from the cathode for 3’ V >) Hde 
(case a) and 3 V< Had, (case b). Hi plane of drawing. 


return to it without having performed any collision. In these circumstances 
it is possible that the electrons are liberated mainly from the end plates 
of the cathode 9) so that the discharge has an abnormal character. We 
suppose that the decrease of # at the lowest pressures is due to this effect 
and that the real course of the curves in Fig. 5 should be approximately 
as given by the dotted lines. 

According to the table usually d. is <4, and << 2 so that the factor 
fz of § 1 is equal to 1. Only at the highest pressures used it possibly has 
to be taken into account (p —0.3 mm). 


17) A. GUNTHERSCHULZE, W. BAR and A. WINTER, Z. Phys. 111, 208 (1938). 
These authors give y as a linear function of V, y becoming zero at a certain value ug 
of usually several hundred volts. As it is known that in the rare gases y is still different 
from zero at V — 0, the values of GUNTHERSCHULZE c.s. should not be used below the 
voltage region in which they were determined (500—3000 V.). 


4* 


aI 
bo 


As to the dependence of # on V the table shows that #, after correction 
for the value of y, is roughly proportional to V, so that the value a 
9 (500) calculated after Eq. (4) and corrected for the EMI of y is 
approximately constant (see Fig. 9). The point for 400 V in’ Fig, 67is 


20, 
§(500) 
15 
1.0 = 
Cu;Ar 
* © 174;0022mm 
x GUNTHERSCHULZE 

05 (— =r 

0 aa warns Vigees ca ES eo) 

(6) 500 1000 1500V 


Fig. 9. Values of # (500) being the value of # reduced to 500 V after Eg. (4) 
and corrected for y. 


abnormally low, but as here also r and / are <d, this point was rejected 
for the reason given higher up. We do not know if the systematic small 
decrease of # (500) with V in Fig. 9 which nevertheless remains, is real 
or is possibly due to the accepted value 18) of y. 

The reason for the decrease of } with increasing i in Fig. 7 is unknown. 
One could suppose that it was due to the ionisation of sputtered Cu-atoms 
which should return as ions to the cathode; the strong Cu-spectrum 
emitted by the discharge points in the same direction. This hypothesis, 
however, was not confirmed by the experiments with still larger current 
densities (see below). 

It is remarkable that #/(1 + y) has decreased with increasing p with 
a factor } only at p= 0.2, corresponding to pd = 0.5. When the Cu-atoms 
were liberated from the cathode with room temperature velocity, however, 
the value of 2, (mean free path for 1 mm pressure) would be 0.005, and 
according to Eq. (1) the decrease of # with a factor 4 should occur already 
at Pod = 0.011 which makes a difference of a factor 45! A similar deviation 
from the expected value, although quantitatively much less, was observed 
by GUNTHERSCHULZE for Ag with Art and for Ni with Hgt and is also 


18) The value of y is known to be very sensible to variations of the cathode surface, 
see A, GUNTHERSCHULZE and H. BETz, Z. Phys. 108, 780 (1938); F. M. PENNING, 
Proc. Kon. Akad. v, Wetensch., Amsterdam, 33, 841 (1930). 
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shown by Fig. 1 when the results for Ag in Hg at high values of Pod are 
compared with those at low values of pod. For the explanation the following 
circumstances have to be taken into account: 


1. probably the velocity of the Cu-atoms starting from the cathode is much 
larger than corresponds to room temperature 19); 

2. the mass of the Cu-atoms is larger than that of the Ar-atoms so that 
its velocity | cathode cannot be reduced to zero by one collision; 

3. the temperature of the gas is, due to the large energy used, much higher 
than room temperature 20) (Po <p); 

4. in the cylindrical arrangement used here the number of returning atoms 
is smaller than in the case of parallel plates, considered in deriving 


sven (C19) 


The influence of 3 was confirmed by later measurements with a smaller 
cathode, where four times larger current densities could be applied. In this 
case the decrease of # with increasing values of pd was still smaller. 
Combining the results from the measurements with both tubes we obtain 
as a mean value of #9 (500)/(1 + y): 


Uy (900) (Ty) 67 
and, correcting for the value of y and applying Eq. (4): 
500 < V, ¢ 1400 V I (Vp) = 0,0037 V, Cu and Art 


The accuracy of this result we estimate as -- 25 %. As has been 
remarked already the agreement with the results of GUNTHERSCHULZE and 
MEYER 6) is very good. 


§ 5. Results for Al. 


In the literature one often finds the statement that the sputtering rate 
of aluminium is very small, BLECHSCHMIDT 8) e.g. gives a value for Art- 
ions which is only 1/,9 X that of copper. It has also been stated 8) that 
this low value is due to a surface layer on the metal, in the first place of 
Al,O3. To study this phenomenon more quantitatively the following 
experiment was made. An Al-bar of 1 cm diameter in the axis of a glass 
tube was exposed intermittently to a heavy glow discharge in an axial 
magnetic field (40 mA; 900 V; 0.06 mm Ar). In the cylindrical discharge 
tube another glass tube of a somewhat smaller diameter could be moved in 
order to expose successively fresh parts of the glasswall to the sputtering. 
The results for 4 consecutive sputterings are shown in Fig. 10. Obviously 
an energy of 7600 wattsec is needed to free the cathode from the not 
sputtering surface layer (I); in the second and third experiment (II and 


19) F. BAUM, Z. Phys. 40, 686 (1937) finds a velocity of the sputtered atoms 
corresponding to the melting point of the metal used. 
20) In a glow discharge with watercooled electrodes already temperature increases 


of 150°, were found (H. FISCHER, Z. Phys. 113, 360 (1939)). 
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III) the sputtering sets in immediately. One night's standing pees Ill 
and IV) in humid air restores again the initial state of the surface 21). 
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Fig. 10. Consecutive sputterings of an aluminium bar; sequence I, OG, 10K, UNVZ. 

I was the first sputtering after the pumping and filling of the apparatus, 

between III and IV the tube was opened and exposed to humid air of 1 atm. 

The thickness of the sputtered layer on the glass wall is given by the current Io 

through a glowlamp behind the tube, for which the glowing filament was just 
no longer visible. 


The reason is probably the same as for the similar behaviour of MgO : 
according to GUNTHERSCHULZE and BETz 22) in MgO the Mgt ions are 
sputtered which are drawn back to the cathode by the electric field. 

The discharge with an oxide layer on the aluminium cathode is, apart 
from the small amount of sputtering, also characterised by a lower 
discharge voltage at the same magnetic field, due to the much larger value 
of y for the oxide 23). Moreover, the disappearance of the oxide layer 
manifests itself by a rather sudden change in the colour of the discharge 
due to the appearance of the strong resonance lines of Al (3944, 3962 A). 

Similar optical and electrical phenomena, although much less pronounced, 
were also found in the experiments with Cu, described in the preceding §§. 
Also with Cu the first sputtering after a new filling of the tube usually 
gave too low values for # with, at the same time, deviating values of the 
cathode fall. Contrary to Al, however, the cathode fall was higher for the 

°t) Similar phenomena were already found by L. L, CAMPBELL, Phil. Mag. (6), 28, 
347 (1914). 


22\ A. GUNTHERSCHULZE and H. BETz, Z. Phys. 106, 365 (1937). 

8) For Mg GUNTHERSCHULZE and BETZ lc. found a decrease in 4 from 1.88 to 
0.37, when the oxide layer was removed. Compare the “spray discharge’’ phenomenon 
described by A. GUNTHERSCHULZE and H. FRICKE, Z. Phys. 86, 451 and 821 (1933). 
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unclean than for the clean Cu-surface. In the clean state, the colour of 
the discharge was of a deep green: especially at high pressures the Cu-lines 
were the strongest of the spectrum. 

The values of & for Al could be determined with an apparatus as that 
of Fig. 2 but with a hollow Al-cylinder instead of the copper one. The 
curves for @ (500) (corrected for the y) are given in Figs. 11 and 12. 
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Fig. 11. Values of # (500) for Al and Ar+., 
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Fig. 12. Values of 8 (500) for Al and Art. 


The dependence on i was not determined. Here also # is approximately 
proportional to V. The decrease of # with increasing pressure is stronger 
than for Cu, which may be due to the smaller mass of the Al-atoms. The 
most probable value of # following from these measurements is: 


500 ¢< V ¢ 1400 (V5) =0,0015 V, Al and Ar* 


which is about half the value obtained for Cu. 


§ 6. Experiments with Ni and Ag. 

For these metals no special measurements of # were made. Only a 
rough value could be obtained from earlier experiments in Ar and Hg, 
where a number of holders with mica plates were placed behind rings as 
IR; and Ry in Fig. 2. As here always the first sputtering after a new 
filling must be used, the metal was not as clean as in the measurements of 
the preceding §§, the more so as the sputtering did not occur in flowing gas. 
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§ 7. Survey of the results obtained. 

In table II the results for # are summarized, together with the values of 
the evaporation heat W 24) and the efficiency «, calculated after Eq. (3). 
For Cu and Ag also the values according to GUNTHERSCHULZE and MEYER 
are given (cathode temperature about 800° K.); for Ag pad Ar the 
difference is rather large, in the other 2 cases the agreement is very good. 


TABLE II. 
Summary of the results for %9 (500) 
" IO (500) 
q (500) ’ Estimated Ww Fa 
WAS Sen oe aon eo0) accuracy (volts) ¢ G. aes 
| 
me 
Al | Ar 0.75 0.83 Se iy 7), Sp 0.5 9/p 
Cu Ar od © + 25%) BEDI 1.3/9 13) 
Ni Ar 2 ice + 50 2/o Ho BS 1.1% 
Ag Ar 1.4 [5 + 50 2/g 2.99 0:9 Vga eed 
Ni H, 0.14 | 0.15 | +50% | 4.25 | 0.01% 
| 
Ag Hy, O54 0.56 | +50 2599 0.03 9/p 0.58 


The conclusion of GUNTHERSCHULZE and MEYER that the sputtering 
efficiency is only of the order of 1 % and lower, is confirmed. 


24) LANDOLT-BORNSTEIN, 3ter Erg. Bd. III (1936), p. 2709. According to some 
authors the efficiency should be calculated by taking for W not the evaporation heat, but 
adding to it the melting heat and the energy required to heat the metal to the boiling point. 
This, however, makes not more difference in « than a factor 1.3 at maximum for the 
metals considered here, 


Physics. — Recherches sur quelques phénoménes d’interférence des 
courbes de vibration (suite). Par J. W. N. Le Hevx. (Com- 
municated by Prof, P. ZEEMAN). 


(Communicated at the meeting of December 30, 1939.) 


1. Dans un travail antérieur, nous avons dit, gu’aucune des figures 
de la table IV, qui représente les diverses images de la formule 


X == a COS @ COS ~ 


y=acos (a+ 6) cos (m+ A) 


ne peut donner l'image des lemniscates d’un cristal biaxial. Cependant, il 
y a deux figures, 2D et 4D, qui présentent quelque ressemblance avec 
l'image précitée. En étudiant les particularités de ces figures, nous allons 
établir les conditions nécessaires et suffisantes pour chacune des deux 
spirales elliptiques, dont la superposition donne exactement l'image des 
lemniscates avec toutes ses variations. Quelques résultats des expériences 
a l'aide d'un appareil & quatre pendules sont réunis dans les tables VIII 


et IX. 


2. Dans la numération de la table IV, les chiffres se rapportent a la 
différence de phase 6 et les lettres a la différence de phase A. Done, les 
figures 2D et 4D ont une méme différence de phase A, prés de 90°, mais 
la valeur de 6 est pour 2D prés de 0° et pour 4D prés de 90°. Autrement 
dit: figurons-nous une ellipse aplatie Ey, qui différe trés peu de deux 
droites paralléles et une ellipse Fy, qui différe trés peu d'un cercle. La 
figure 2D peut étre regardée comme l'ensemble des ellipses, presque cercles, 
inscrites dans les rectangles sur les doubles coordonnées des points de 
l'ellipse Ey et la figure 4D comme l'ensemble des ellipses, presque cercles, 
inscrites dans les rectangles sur les doubles coordonnées des points de 
l'ellipse Ey. Il est évident, que la premiére bissectrice de l’angle des coor- 
données est un axe de symétrie, donc les cétés des rectangles de la partie 
supérieure de l’ellipse E sont perpendiculaires aux cétés correspondants 
de la partie inférieure. 


3. Observons ces rectangles avec plus de précision. 

Nous distinguons dans la demie-ellipse EGHKL (table VII, fig. A): 

1. dans l'intervalle EG: un petit carré sur EL comme diagonale, des 
rectangles horizontaux, une droite horizontale GN. 

2. dans J'intervalle GH: une droite horizontale GN, des rectangles 
horizontaux, un grand carré sur HP comme diagonale. 
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3. dans l'intervalleHK: un grand carré sur HP, des rectangles verticaux, 

une droite verticale KR. 

4 dans l'intervalle KL: une droite verticaleKR, des rectangles verticaux, 

un petit carré sur LE comme diagonale. 

Aprés l'inscription des ellipses A, réunies par une courbe continue, nous 
avons (pour A = 90°): 

1. Une spirale elliptique horizontale S;, commengant par un petit 

cercle (rayon 4EL—asin}60) et terminant par la droite GN = 
2a sin 0. 

2. Une spirale elliptique horizontale Sy, commengant par la droite GN 

et terminant par un grand cercle (rayon }HP =a cos $0). 

3. Une spirale elliptique verticale S3, commengant par un grand cercle 

et terminant par la droite KR = 2a sin 0. 

4. Une spirale elliptique verticale Sy, commengant par la droite KR et 

terminant par un petit cercle (rayon }EL—asin}8@). 

Ainsi, une figure telle que 2D ou 4D peut étre regardée comme composée 
de quatre spirales elliptiques. 

Les deux spirales horizontales S,; et S, donnent comme image d’inter- 
férence (quand A est prés de 90°) un systéme d’hyperboles, dont une des 
asymptotes coincide avec la droite horizontale commune GN. De méme, 
les deux spirales verticales S, et S, font naitre un systéme d’hyperboles 
avec une asymptote verticale KR. Ces deux systémes d’hyperboles se 
couvrent, parce que la bissectrice HP est un axe de symétrie. II suffit donc 
d'étudier la combinaison des spirales S, et So. 

Maintenant, il est important de constater le sens de rotation de ces 
spirales. Les expériences font voir, qu’ayant parcouru la spirale S, du 
cercle a la droite (de l’extérieur a l'intérieur) le point se meut sur la spirale 
Sy en sens inverse. Cependant, ce mouvement est dirigé de l'intérieur a 
lextérieur. En comparant les deux spirales S, et Sy séparément, il faut 
prendre toutes les deux p.e. de l’extérieur a l'intérieur et ainsi, elles sont 
parcourues dans le méme sens, 


4. Pour définir plus facilement les quatre spirales elliptiques, nous 
avons parlé de ,,petit cercle’’ et de ,,grand cercle’, mais nous avons déja 
dit, que la naissance de l'image des hyperboles exige une différence de 
phase A prés de 90°. Ainsi, le ,,petit cercle” et le grand cercle’ deviennent 
des ellipses, dont les grands axes coincident avec les bissectrices LE et 
PH, c'est a dire: ces axes sont a angle droit. Maintenant, nous pouvons 
dire, que l'image des hyperboles provient de la superposition de deux 
spirales elliptiques S, et Sy, chacune limitée A l’extérieur par une ellipse, 
a l'intérieur par une ligne droite dans les conditions Suivantes: 

1. Les spirales ont le méme sens de rotation. 

2. La spirale S; est plus petite que la spirale Sy. 

3. Les lignes droites intérieures doivent coincider. 

4. Les ellipses extérieures ont de grands axes perpendiculaires, 


ay) 


5. La spirale S,; a les mémes valeurs constantes de @ et de A gue la 
spirale S.; on fait varier a de la méme maniére pour les deux spirales, 
par conséquent, elles ont le méme ,,nombre d’ellipses”’. 


5. Observons maintenant la figure 4D, ou plutét les belles reproduc- 
tions de ce cas, que l’on trouve dans le Vol. 30, No. 4 et 5, pg. 249, 
figu-et 6, 

On voit que la longueur 2a sin @ de la droite commune empéche la 
formation des ovales, qui caractérisent l'image des lemniscates. En dimi- 
nuant la valeur de 9, on fait diminuer aussi le diamétre 2a sin 46 du petit 
cercle (ellipse) de la spirale S,. Cette spirale disparait pour 0 =0 et avec 
elle l'image des hyperboles. De la figure totale il reste alors les spirales 
S; et Sy (S3 est semblable a S.), qui donnent maintenant une nouvelle 
image (2D) qui présente quelque ressemblance avec l'image des lem- 
niscates, seulement quant aux courbes extérieures. 

L’intérieur ne peut pas donner l'image des hyperboles pour deux raisons: 

1. Les spirales S, et Ss, reduites a des petites lignes droites, se coupent 
a angle droit. 

2. Les spirales S, et S, ont des sens inverses de rotation. Car le sens 
de mouvement tourne dans chacune des deux lignes droites, donc la 
spirale S, est parcourue aprés la spirale S, dans le méme sens. Mais 
alors, la spirale Sy est considérée de l’intérieur a l’extérieur et la 
spirale S, de l’extérieur a l'intérieur. Considérées toutes les deux de 
l’extérieur a l'intérieur, elles sont parcourues en sens inverses. 

Evidemmant, l'image des lemniscates ne peut étre donnée, ni par la 
figure 4D, ni par la figure 2D. Il faut prendre deux spirales elliptiques, 
tracées séparément et combiner les conditions trouvées. Ce n'est pas 
difficile — on peut maintenir les cing conditions trouvées avec la restriction, 
que les lignes droites intérieures doivent rester trés petites. 

En outre, les expériences montrent, qu'il faut combiner I’ellipse extérieure 
la plus grande avec la droite intérieure la plus petite. 


6. Pendant les expériences, il a été établi, que l'image des lemniscates 
se produit aussi par Ja superposition de deux spirales elliptiques, dont les 
grands axes des ellipses extérieures coincident, au lieu de se couper sous 
un angle droit (table VII, fig. B). Les autres conditions doivent rester les 
mémes. On peut distinguer deux cas: 
Pela valeur de. est tres petite A = 90”. 
C'est la figure A, quand les grands axes des ellipses extérieures sont 
verticaux, parce qu'ils n'ont plus de différence de phase (fig. 2E de 
la table IV). 

2. Il n'y a pas de différence de phase 0; A a une valeur prés de 90° 
(fig. 1D de la table IV). 


Or, il faut remarquer, que nous avons dessiné jurqu'ici la demie-figure 


60 


des spirales, parce que les deux parties sont symétriques par rapport a 
la premiére bissectrice, ainsi que l'image des lemniscates. 

Dans le premier cas (A 90°) cette symétrie n’existe plus pour l'image 
d'interférence: on obtiendrait deux systémes de lemniscates, dont les axes 
sont a angle droit et par conséquent, ce cas ne suffit pas. 

Dans le deuxiéme cas, les figures totales montreraient chacune deux 
franges noires, rayonnant du centre, qui sont étrangéres a l'image des 
lemniscates, Ce cas ne peut suffire non plus. 

Mais on peut remarquer une particularité intéressante: quand on fait 
tourner la petite spirale de ja figure A d'un angle de 90°, les deux ellipses 
extérieures prennent la position de la figure B avec la seule exception de 
lorthogonalité des petites lignes droites intérieures. Ces droites résultent 
des constructions mathématiques; les expériences montrent, qu’en réalité 
ce sont des ellipses aplaties. Pour une valeur trés petite de 0 et une valeur 
de A tout prés de 90°, nous trouvons 4 |'intérieur des spirales superposées 
deux séries d’ellipses, presque des cercles, dont les exemplaires corres- 
pondants sont presque égaux. Sous ces conditions, on peut dire, qu’aprés 
la rotation, l'intérieur de la figure A égale l'intérieur de la figure B, c'est 
a dire: on retrouve l'image des lemniscates. 

Sous les mémes conditions on voit, que pendant la rotation, cette image 
subit des variations imperceptibles et ainsi, on peut dire: 

l'Image des lemniscates, résultant de la superposition des deux spirales 
elliptiques 


Ss \ x =a; COS a cos p 
2 ( y=a, cos (a + 0) cos (p + A) 

~ 6 ( x = ag COS a cos p 
é ( y=ag cos (a + 83) cos (p + A) 


avec les conditions: a; <a, 0; > 0», 6, et O5 tout prés de 0°, A tout 
prés de 90°, 


reste la méme, quand on fait tourner la spirale S. et elle suit le mouvement, 
guand on fait tourner la spirale Sj. 


La supposition la plus simple, celle que la spirale Sy soit circulaire 
(02 =0, A= 90°) ne peut pas étre admise, 


1. parce qu'une superposition d'une spirale elliptique et d'une spirale 
circulaire ne peut pas donner I'image des hyperboles autour du centre; 

2. parce qu'une spirale circulaire montre deux franges noires, qui, dans 
un seul cas, peuvent coincider avec les isogyres, mais qui sont 
etrangéres a l'image pendant tous les autres cas d’une rotation. 

ie 


On peut vérifier ces résultats par une autre série d’expériences. 
Le milieu de l'image des lemniscates peut €tre regardé comme un systéme 


d'hyperboles. Un tel systéme résulte de la superposition de deux spirales 


elliptiques Sz et Sy (table VII, fig. A), dont les ellipses extérieures (A prés 
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de 90°) sont égales avec de grands axes qui se coupent dans lorigine sous 
un angle droit. Le sens de rotation doit étre le méme, les droites intérieures 
doivent coincider. Quand la longuer de ces droites est maximum, l'image 
d'interférence est un systéme d'hyperboles équilatéres, avec les axes des 
coordonnées comme asymptotes. Quand la longueur est minimum, nous 
trouvons la méme image. Dans le premier cas, l'image nait de I'intersection 
de deux faisceaux dellipses aplaties, on peut dire de deux faisceaux de 
droites, qui donnent un systéme d’astéroides. Dans le deuxiéme cas on a 
deux faisceaux d’ellipses arrondies, presque égales, qui ont l’apparence 
d'un systéme d’anneaux circulaires de) 

Quand on diminue une des spirales, les hyperboles s'allongent pour 
devenir des lemniscates dés le moment, que l’ellipse extérieure de la spirale 
S3 rentre dans la circonférence de l'ellipse Sy. Alors, on a la situation de la 
figure A, table VII. 

I] faut remarquer, que la coincidence des petites droites intérieures est 
nécessaire — donc, il y a toujours une petite différence de phase 0. Sans 
cette différence, ou sans une différence A, la superposition ,,aux ellipses 
extérieures croisées’ aménerait des droites intérieures croisées, et alors 
l'image montre un systéme de rosaces (fig. 5, table VII). 


8. Pour que la figure des lemniscates soit formée, il faut et il suffit 
que les conditions trouvées soient remplies. 

Quand, dans la figure A, table VII, les lignes droites sont égales, mais 
trop longues, on obtient fig. 1, table VII, c'est a dire: les deux ovales, A 
demi formés, sont réunis dans un seul ovale (ellipse). l'Image peut donner 
des anneaux elliptiques. 

Quand, dans la figure A, les ellipses extérieures sont conformes et que 
l'on tourne la petite spirale d'un angle de 90°, l'image donne de nouveau 
des anneaux elliptiques (fig. 2). En allongeant la petite spirale, ces anneaux 
deviennent des lemniscates. 

Quand les droites intérieures différent trop de longueur, on obtient aprés 
la rotation la fig. 3, Alors, les ovales sont trop pointus. 

Quand une des spirales devient circulaire, les courbes d’interférence 
sont dirigées vers le centre (fig. 4). 

Quand les ellipses extérieures de la fig. A sont égales, l'image d’inter- 
férence montre un systéme d’hyperboles équilatéres (fig. 6). 

Quand, dans ce méme cas, on fait tourner une des spirales d'un angle 
de 90°, l'image monte des rayons courbes (fig. 9). 

Deux spirales elliptiques égales, sans différence de phase A et dont les 
droites sont orthogonales, donnent l'image de la fig. 5. 

Quand une de ces spirales devient plus petite, on voit apparaitre l'image 


de la fig. 7. 
1) Un bel exemple dun systéme d’anneaux avec les hyperboles d’interférence se 
trouve dans le travail de Mr. T. K. CHINMAYANANDAM, On HAIDINGER’s Rings in Mica, 


Proc. Royal Society, Vol. XCV, pg. 176—189. 
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TABLE VII 


La plus remarquable de toutes ces variations, c’est le changement du 
sens de rotation. Quand toutes les conditions sont remplies, sauf celle des 
sens €gaux, on voit une spirale d’Airy au lieu des lemniscates (fig. 8). 
La relation entre ces deux images est indiquée par une ligne pointillée. 


9. Résumé. 


Soit donnée une vibration elliptique, presque circulaire, qui commence 
par l'ellipse x = pcos p, y==pcos (p + A) (A prés de 902), 

Le grand axe de cette ellipse coincide avec la bissectrice de l'angle XOY 
d'un systéme de coordonnées rectangulaires; la courbe est parcourue de 
gauche a droite. 

Supposons, que le mouvement se retrécit, pendant que le grand axe 
tourne d'un angle de 45°, et finit par une petite ellipse aplatie, dont le 
grand axe est vertical, Alors, nous avons obtenue une spirale elliptique S. 
(fig. A, table VII). 

l'Image de cette spirale, réfléchie par rapport a la premiére bissectrice, 
est une spirale S.. l'Ensemble des deux spirales est représenté par la 
formule 


x= acosacos p 
y=acos (a+ @) cos (y+ A) 


(6 trés petit et A prés de 90°). 

Observons la spirale S3. 

Image de I'ellipse extérieure, réfléchie par rapport a l’axe des Y, peut 
étre représentée par la formule 


xX ==—p cos 


Y==p cos (om + 1) 


la courbe est parcourue dans le méme sens. 

Appelons S, la spirale elliptique, qui, commencant par cette ellipse, se 
retrécit et se termine par la méme petite ellipse que la spirale S3. Ainsi, 
S3 et Sy sont deux spirales égales, presque circulaires, parcourues dans le 
méme sens, dont les ellipses extérieures se croisent sous un angle droit et 
dont les ellipses intérieures coincident. 

La superposition de ces spirales donne l'image des hyperboles équilatéres 
(en général pour toutes les valeurs de @ et de A). 

Faisons diminuer la spirale S4. 

l'Image d'interférence montre d’abord un systéme d’hyperboles, puis 
un systéme de lemniscates 1). Dans le dernier cas, l’ellipse intérieure de Sy 
doit étre un peu plus grande que celle de Ss; l’ellipse extérieure de S; ne 
doit pas étre conforme a celle de Ss, mais un peu plus aplatie. Ainsi, on 
peut parler de la superposition d’une vibration circulaire S3 et d'une 
vibration elliptique S4, cependant sans perdre de vue, que la condition 
nécessaire pour la naissance de l'image des lemniscates et des hyperboles 
est, que l’angle des grands axes des ellipses correspondantes des deux 
vibrations varie de 0° a 90° et a pour bissectrice un des deux diamétres 


communs aux ellipses extérieures. 


1) Verslag Kon. Akad. v. Wet. Amsterdam, Afd. Natuurkunde, Vol. 24, No. 4 et 5, 


les figures 1 et 2. 
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Quand les ellipses intérieures sont égales et assez grandes, l'image 
montre un systéme d’anneaux elliptiques. 

Pour 0 prés de 0° et A prés de 90°, l'image d'interférence reste la méme, 
quand on fait tourner la spirale S, autour de son centre. 

Les spirales symétriques S, et Sp donnent la méme image que les spirales 
Sz et S4: les éléments correspondants des lignes en zig-zag, qui forment les 
courbes d’interférence, sont a peu prés orthogonaux. 

La superposition des deux spirales inégales Sz et Sy, parcourues en sens 
inverses, donne une spirale d'Airy. 


10. Quelques résultats d'un grand nombre d’expériences sont réunis 
dans les tables VIII et IX. 

Fig. 1 et 2, table VIII montrent deux vibrations elliptiques, qui satisfont 
aux conditions trouvées, savoir: 

a. elles sont parcourues dans le méme sens. 

b. Vellipse extérieure de fig. 1 est plus petite que celle de fig. 2; l’ellipse 

intérieure, au contraire, est plus grande. 

c. le grand axe de I’ellipse extérieure de fig. 1 fait un angle de 45° avec 

l'axe des Y a droite, celui de fig. 2 A gauche. 

d. les grands axes des ellipses intérieures des deux vibrations coincident 

avec l’axe des Y. 

e. les deux figures ont un méme nombre de courbes, quand chacune est 

envisagée comme un systéme d’ellipses. 

La superposition de ces deux spirales donne une image d’interférence 
(fig. 3), qui reste A peu prés la méme, quand on fait tourner la petite 
spirale autour de son centre, Une des variations est représentée par fig. 4. 
Le résultat, quoique suffisant pour confirmer la théorie, peut étre corrigé 
par des ellipses intérieures moins aplaties. 

Sous la méme réserve, la fig. 5 et la fig. 6 représentent un systéme de 
lemniscates avec plus de courbes d’interférence. 

La table IX, fig. 1, montre la naissance de l'image des hyperbole’, dans 
le cas de deux vibrations presque circulaires. La différence entre les 
spirales croisées ne se manifeste qu’a quelque distance du centre. 

Table IX, fig. 2. Le méme cas: les ellipses intérieures sont plus aplaties. 
Sauf une irrégularité autour du centre, la figure ressemble a l'image 
d’interférence de topaze, quand la lame cristalline est coupée perpendicu- 
lairement au ler diamétre 1). 


La figure de Mr, CHINMAYANANDAM, déja citée 2), appartient A cette 
catégorie. 
Fig. 3 de la table IX peut étre regardée comme la négative de la fig. 1. 


Table IX, fig. 4. Une telle image se présente quand une des spirales 
est circulaire. 


1) POCKELS, Lehrbuch der Kristalloptik, Tafel IV, fig. 4. 
2) Proc. Royal Society, Vol. XCV, pg 176-189. 
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A la table IX, fig. 5, l'ellipse extérieure de la petite spirale est tangente 
a lellipse extérieure de l'autre. 


Table IX, fig. 6. Les deux spirales elliptiques se coupent orthogonale- 
ment jusqu’au centre, Les ellipses intérieures sont égales et trop aplaties. 


On voit, que la moindre irrégularité suffit pour modifier l'image des 
lemniscates. 
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Physics. — On the rate of reaction in the system mineral oilloxygen and 
the mechanism of the influence of copper and tin on this system. 
By D. J. W. KreuLEN and D. TH. J. TER Horst, (Communication 
from the Laboratory for Coal- and Oil Research at Rotterdam and 
from the Physical Laboratory of the University of Utrecht.) (Com- 
municated by Prof. L. S. ORNSTEIN.) 


(Communicated at the meeting of December 30, 1939.) 


For the measurement of the rate of reaction in the system liquid/gas two 
methods are available. 

A. The method originating from A. TiITOFF !). It is characterized by the 
application of a pure homogeneous medium. In this method the gas (in 
our case oxygen) is introduced into the liquid till saturation is obtained. 
Then the liquid is completely separated from the gas-phase and it is 
allowed to react at the temperature which is wanted. One is able to 
calculate the velocity constant K of the reaction from the equation: 


A 

(A=). 

A being the quantity of the gas in gm. molecules per litre at the begin- 
ning of the test and (A—x) that at the time t. As the active mass of 
the liquid remains practically constant the monomolecular law is 
followed. In our case this method has a disadvantage on account of the 
small solubility of oxygen in oil. Thus the original concentration of the 
oxygen is small and the problem is to estimate these relative small 
quantities with sufficient accuracy. 

B. The method originating from R. LUTHER and J. PLOTNIKOW 2). In this 
method as well the liquid- as the gas-phase is present during the 
reaction. Both together form one closed system; precaution is taken to 
prevent any escape of gas from it. The gas-phase is continually stirred 
into the liquid-phase. To obtain this a hollow glass stirrer of special 
construction is used. The lower part of it has the form of a SEGNER’s 
water wheel; it serves to divide the gas into the liquid. At the top of 
the hollow glass-spindle a couple of small openings is made through 
which the gas-phase is allowed to enter into the stirrer. When the 
stirring velocity is increased the gasphase is more intensely introduced 
into the liquid. A mercury~seal enables to drive the stirrer from outside 
the reacting system by a small electromotor. 


I 
so vei 


1) Ztschr. f. Phys. Chemie, XLV, 1903, pag. 641—648. 
2) Ztschr. f. Phys. Chemie, LXI, 1908, pag. 513—544. 


67 


During the reaction the oxygen in solution will have a tendency to 
decrease. One has to choose that stirring velocity which corresponds 
with a large supply of oxygen in comparison with the decrease of con- 
centration resulting from the reaction. Only in this case comparable 
oxidation velocities are measured, 

For the study of the system mineral oil/oxygen, method A is but used 
in one series of investigations 3). We consider this work as essentially 
correct. Moreover in technics a great many ‘‘ageing tests” exist as f.i, the 
I.P.T. test; the British Air Ministry test; the B.S.I. test; the Indiana 
oxidation test e.s.o. In all these tests either air or oxygen is passed at a 
certain rate through the oil which is maintained at an arbitrary choosen 
temperature. After a certain period of heating the alteration of one or more 
constants is determined. 

Thus these tests correspond to the B-method. However in no case the 
conditio sine qua non: solution velocity > reaction velocity is fulfilled. 
This was proved by the following experiments. We used the method and 
apparatus introduced by LUTHER and PLOTNikOW in the modification as 
described by W. REINDERS and S. I. VLEs 4). In this apparatus a medicinal 
paraffin oil was oxidized at 100 deg. cent. 

The increase of the dipole moment was followed as a function of the 
oxidation time. Measuring the dielectric constant we used the ordinary 
high frequency-method. 

To indicate the reaction velocity we choosed the tangent from the line 
giving the dipole moment as a function of time. 

In figure 1 the reaction velocity is plotted as a function of the velocity 
of stirring. It is clear that the measured velocities are independent of the 


Stirring velocity 


500 1000 1500 2000 
letiay IL 


intensity of stirring when this is higher than 1000 revs. p. min. To be 
absolutely sure, in the further experiments a velocity of 1500 revs. p. min. 
was applied. Then the reacting system is a milk white liquid in consequence 
of many small oxygen bubbles which are divided in the liquid. 

Now by the technical tests mentioned before a quantity of gas varying 


3) CC. JANSSEN Czn. Archiv f. Electrotechn. 25, 567 (1930); L. S. ORNSTEIN, 
C. KRIJGSMAN and D, TH. J. TER Horst, Physica (II) 3, 1935, pag. 201, 
4) Recueil des Travaux Chimiques des Pays Bas. XLIV, 1925, pag. 1. 
5* 
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from 2- till 15 liters per hour is passed through the oil. It is obvious that 
in this case, even in approximation, the critical solution velocity is not 
realized. Therefore, both for the measurement of reaction velocities as well 
from the standpoint of exactness one is obliged to reject these tests. 

The oil with which the experiments were carried out had the following 
constants: molecular weight 445; density 20/4 0.8833; refractive index 
D/20 1.4828; aniline point (critical solution temperature) 109.0 deg. cent; 


specific dispersion 


(Ne: — Ne) 10° 


== 583 
d 


surface tension at 20 deg. cent. 32.1 dyne/cm. 

According to J. C. Viuacter, H. I, WaTErMAN, H, A. VAN WESTEN 
and J. J. LEENDERTSE ®) we are able to get from these constants an idea 
with regard to the average constitution of the oil molecules. So we found: 
aromatic rings 0 %; naphtenic rings 37 %; paraffinic side chains 63:90; 
extra tertiary carbon atoms 5 (which corresponds with a very moderate 
branching of the paraffinic side chains) and average number of rings per 
molecule — 2.8. The figure for the average number of rings per molecule 
is absolutely exact if one takes the average molecular weight into account. 
In order to calculate the percentage of naphtenic rings and paraffinic side 
chains a supposition has to be made. In our case we have assumed that 
we had to do with polycyclic 6-ring naphtenes. 

The dipole moment was estimated as the difference between the 
molecular polarisation and the molecular refraction at a temperature of 
20 deg. cent. according to the equation: 


fe 0.01270 (Dt 
where uw is the average dipole moment; P the molecular polarisation; Po 
the molecular refraction and T the absolute temperature. If we assume « 


the dielectric constant, N the refractive index, M the molecular weight 
and d the density we have: 


e—1 M N?—1 M 
Soot mich: and Paras ae 

For the unaltered oil, in which no polar compounds are present, we 
found for P, in first approximation, the same value as for Py (143.21 
respectively 143.82). We corrected for this small difference at the 
beginning of the experiments. 

Now during the oxidation the average molecular weight did not change; 
in each case the variations which were found are within the accuracy of 
the experiment. The accuracy of mw is therefore dependent from the 
reliability with which the density, the dielectric constant and the refractive 


®) J. Inst. Petroleum Techn. 21, 661—701 (1935); Ibid. 24, 16 (1938). 
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index can be measured. The density and the refractive index are reliable 
to within 2 pro mille. The dielectric constant however is only reliable to 
within 4 %. 

Now about fifty experiments showed us that a simple relation exists 
between the increase of the density and that of the dielectric constant. 
In figure 2 the dielectric constant is plotted against the density. A straight- 


0.884 886 888 890 892 894 896 898 900 902 


Ehiep, 


line relationship is obtained, the deviations from the average line are lying 
well within the accuracy of the experiment. 

It is possible to explain this straight-line relationship. 

The general scheme of reaction is given by: 

a molecules of oil + b molecules of oxygen > c molecules of polar oil + 

d molecules of water. 

At the time t= 0 we have from the oil n particles and at the time t—t 

we have from the oil (n—-x) particles. Thus the density of the oxidized oil 


c 
S == (n—x)mp + — xmp+— xmy; mo, mpand my being respectively the 
a a 


mass of an oil-, polar oil- and watermolecule. 


As atmo +- bmp, = cmp + dm» we get x= =e ; ; As being the increase 
02 
in density. 
Now 
eee A 
men Sate” 


(Ao being the polarisation per oil-molecule) and 


&— 1 4 4a Cc 4x d 
pie — Fi = ea Aw 
4 ae AG 3° tot 3 Ba 
thus 
é&; — 1 Ey — 1 ae 4na & d 
a = 3 _— /\s Ant+—Ay—Ay |. 
é+2 «+2 Ae Saas | a? 9a y 


Now A,, is known, Ag follows from our experiments and with regard 
to A, we made an estimation. 
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In our experiments we found a to be 20.77 (figure 2). Thus one comes 


Ss 

to the result that 2a + 2b==4c + 1d which is acceptable if we assume 
an average scheme of reaction in which the oil is as well converted into 
alcohols, ketons, water as acids. 

Consequently it is possible to increase the accuracy with which the 
average dipole moment can be estimated by the following procedure. ‘ihe 
dielectric constant which is found is used to cheek whether the relation~- 
ship between the density and the dielectric constant holds. This being the 
case we calculate the average dipole moment with that value of ¢ which 
is obtained from the more exact density with the aid of the line given in 
figure 2. 

It is desirable to state that already W. N. Stoops §) realized that the 
decomposition in transformer oils may be followed rather closely by mea~- 
suring the dielectric constant of the oils as they deteriorate in service. 

Also by J. L. Hippink *) the change in polar characteristics of trans- 
former oil was measured in laboratory tests. 

A more extensive and systematical research however was not yet carried 
out. In connection with this we remember of the remark made in 1936 by 
L. S. OrNSTEIN, D. Tu. J. TER Horst and G. H. FREDERIK: “it might be 
important to point out that one is able to follow chemical reactions 
measuring the dipole moment as function of time’’ 8). 

We too set much value on the introduction of the average dipole moment 
to characterize the degree of oxidation which is reached by an oil. For if 
an oxygen molecule takes hold of an oil molecule, the first result will be 
the introduction of a polar group into the system. Moreover the average 
dipole moment includes all the oxidation stages while other figures as f.i. 
the acid value, represent but one oxidation stage. In figure 3 the increase 
of the dipole moment is plotted as a function of time. The experiments 
were carried out at 100 deg. cent. 

From figure 3 one sees that not until an induction period (or initial 
period of slow reaction) is passed an appreciable increase in polar com-~- 
pounds can be observed. 

Beyond this induction period there exists a straight line relationship 
between « and the time of oxidation. During our experiments we got the 
impression that the introduction of polar compounds in the system does 
not begin suddenly but that a slight and increasing reaction exists in the 
latter part of the induction period. Although this observation is very 
probable correct, the reaction itself is so small that the phenomenon is 
quite within the accuracy of the experiment. We are therefore only allowed 
to mention it as an indication in this direction. 


Se Physics, Vol, 11,°1932,paqag22. 
7) Diss. Utrecht 1932, 


8) Proc. Kon. Akad. v. Wetensch., Amsterdam, 39, 325 (1936). 
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In figure 3 besides yu also the increase of the acid value is given as a 
function of time. One sees that it is difficult to conclude from the latter 


induction period 
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curve where the period of induction comes exactly to an end. Similar 
phenomenons are inhaerent in the curves which represent the alteration of 
other quantities as a function of time. Thus the superiority of mu for the 
estimation of the length of the period of induction will be obvious. 

The existence of a period of induction includes that any judgment of 
oils which is but founded on the alteration of a certain constant, after a 
fixed time of reaction, is incorrect. With regard to this we refer to figure 4. 

Oil 1 possess a larger reaction velocity than oil 2 as tga, > tgag. Yet 
one would be obliged to conclude to quite the reverse if only one measure- 


iciomeke 


ment at the time tf was taken. This is caused by the different length of 
the period of induction of the two oils. 

For the determination of reaction velocities in our system it is therefore 
necessary to measure during the whole test; the induction period included. 


ie 


We now pass on to the influence of metals on the rate of reaction. In a 
series of experiments copper filings (electrolytic copper) were used. These 
filings passed a sieve with 400 openings pro sq. cm. Tests were carried out 
without any addition of the metal; subsequertly with oils containing an 
increasing quantity of metal. The progress of 4 was measured for every 
period of five hours and so it was possible to deduce at the end of the 
experiment both the length of the period of induction and the reaction 
velocity. The magnitude of the reacting surface of the filings is directly 
proportional to the number of grams which are added. After that the 
reaction velocity was definitely established in the presence of the metal 
(dotted lines in figure 5) the experiment was discontinued. The oil was 
divided among four centrifuge tubes and centrifugated at a rate of 1500rvs. 
per min. With the supernatant oil, in which no solid metal was present, 
the experiment was then continued (drawn lines in figure 5). 

The lines marked D,, and Dep refer to experiments with oil without any 
metal but with different quantities of oil (respectively 250- and 125 “eme). 


VS , DB », 
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The lines marked Dy, Dz, Dy and D; refer to such in which to 250 cm? of 
oil respectively 10-, 5-, 24 and 14 grms of copper filings are added. Line S 
refers to an experiment with tin which is mentioned below. The magnitude 
of the tin surface in this test is comparable with the copper surface added 
in test Dy. 

In figure 6 the length of the induction period is plotted as a function 
of the number of grams of copper filings which are added. It appears that 
the first quantities of surface, which are added, are the most active. This 
suggests the possibility of an adsorption phenomenon. 

To verify this assumption a same quantity of copper filings (24 grams) 
were brought into contact with the oil for different spaces of time. This 
contact was realized within the usual conditions; thus at 100 deg. cent 
applying stirring. After the choosen space of time the experiment a, 
discontinued. The copper filings were centrifuged and the work was 
continued with the supernatant pure oil. 


Now it appeared that the length of the period of induction was quite the 


ThE 


same, either for a time of contact of say one hour or for a time of contact 
agreeing with the complete induction period. 

Figure 7 is a common curve of adsorption. To be absolutely sure an 
experiment was carried out in which the contact of metal and oil was 
realized in a nitrogen atmosphere for two hours. In this case too the 


Fig. 6. lene. 7. 


induction period decreased and well from 60 hours for the original oil to 
17 hours. This proofs that we are justified to speak in our case from 
adsorption. 

According to MourEuX and DUFRAISE 9) the existence of an induction 
period is the result of the presence of antioxydants which are often able to 
exercise their influence in rather small quantities. If we accept this theory 
to be correct then it is evident that, a metal surface being present, the 
length of the induction period is a function of the time necessary to destruct 
that part of the antioxydant which is not adsorbed. The largest quantity 
of antioxydant is adsorbed by the first sq. cms of metal surface which are 
added (largest concentration of antioxydants). This explains why the first 
quantities of metal exert such a great effect. The subsequent quantities of 
metal meet with lower concentrations of the antioxydant, thus the adsorp- 
tion, and consequently the effect on the length of the induction period, 
decreases. 

After the induction period no influence whatever is exerted by electro- 
lytic copper. With regard to the reaction velocity this metal is thus 
completely inert; it is entirely unjustified to speak about a catalytic effect 
in our case. 

Thus when previous workers concluded that the reaction in question is 
catalyzed by copper, they were very probably deceived by the influence 
of copper on the length of the induction period (figure 4). Especially 
in experiments carried out at relative low temperatures, where the length 
of the induction period is of great importance, neglecting this phenomenon 
leads to serious mistake. 

A corresponding experiment was carried out with Chempur-tin. Here 


®) Chim, Ind. Tome 18, pag. 3, 1927; Premier Congres de la Sécurité aérienne, t. ie 
1931, pag. 55; Bull, Soc. d’Encourag. a I'Ind. Nat. février 1934. 
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too the same result was obtained; a shortening of the induction period and 
no influence on the reaction velocity. It appeared that tin is less active than 
copper. So for the original oil, without any supply of metal, the induction 
period was found to be 60 hours. By supplying a certain surface of copper 
filings this time was reduced to 8 hours. Using the same surface of tin 
however we got an induction period of 36 hours. As most of the anti- 
oxydants contain polarisable nitrogen containing groups 10) this experi- 
ment affirms the well known fact of a higher relative affinity of adsorption 
for these compounds in the case of copper as in that of tin. 

In this investigation not only the alteration of the dipole moment but 
also that of peroxides, acid value, saponification number, density and 
viscosity was measured, All these quantities are absolutely independent 
from the presence of copper or tin, provided one takes the induction period 
into account. It may be possible that an influence on the reaction velocity 
exists if one adds such compounds as f.i. copper stearate getting thus a 
homogeneous system. However such an influence, if it exists, must be 
regarded as a phenomenon of induced oxydation. It is therefore that we 
consider the addition of soluble organic metal compounds for the study of 
specific metal actions as incorrect. 

Finally we also tried to get an idea about the mechanism of the oxidation 
of our oil. Therefore the number of particles which were estimated respec- 
tively as peroxides, acids and saponifiable compounds, were plotted on a 
logarithmic scale as a function of the time of oxidation. For small values 
of the time straight lines were obtained which show the tangent 1.0 for 
peroxides (indicating a first oxidation stage) and 2.9 for acids (third 
oxidation stage). 

For the increase of the saponification number however we found in this 
way the tangent 1.4; a value which is difficult to explain. 
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Physics. — The decay of the penetrating cosmic rays. II]. By E. M. 
BRUINS. (Communicated by Prof. J. CLay.) 


(Communicated at the meeting of December 30, 1939.) 


§ 1. The Grosz-reduction. 


The relation between the unidirectional intensity y and the total 
intensity I of cosmic rays has been discussed by B. Grosz 1), the funda- 
mental assumptions being: 

1. the primary rays are isotropic 

2. the absorptionfunction is the same in any direction 

3. the intensity is a unique function of the mass per cm®2 traversed. 

This well-known Grosz-reduction, normalising y in such a way that at 
the top of the atmosphere y —I, is given by 


ee ye Santa Mier we te eg AR 1) 
x being the depth below the top of the atmosphere in gr per cm?. 

The conditions 2 and 3 do not hold for the penetrating cosmic rays. 
Therefore the GRosz-reduction cannot be correct; neither in the atmosphere 
nor in a layer of absorbing material. It is easy to prove, that for non- 
isotropic rays, obeying the conditions 2 and 3 the relation (1) has to be 
replaced by (see § 3 and § 4) 


1 dI 


meee? iy (2) 


the intensitydistribution of the primary rays with the zenith angle being: 


Peel cos ov. 


§ 2. We wish to stress an important relation between the correction- 
factors Ky for the decay in different directions. Suppose the differential 
energyspectrum in the direction # at the height H, where the penetrating 
rays are created, is Fy(£). Then the energy spectrum at a depth h below 
this layer will be 2): 


N(E—AE, h) = Fo (E). Ko (EB) 


1) B. Grosz, Zs. £. Physik 83, 214 (1933). 
2) These relations have been deduced and used in these Proceedings 42, 54 and 


740 (1939). 
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where 
A E=Asecd(e*#—1) A= ae eH 
asec? 
Remi ee ee vel a — ss o LPOG 
From (3) we obtain the important relation used in the previous papers, 
Ko (E sec Ghia 165 (E, h) ee eas ee ee 


§ 3. Reduction in a strongly absorbing layer. 

In a layer of strongly absorbing material we can neglect the decay as 
compared to the absorption, The intensity in the direction under a fotal 
absorbing layer of x gr per cm? being wy» (x) we have, when ¢ represents 
the energyloss per gram per cm?, in the absorbing layer: 


> 


Were | Fy (E) Ks (E) dE 


txsecv 


from which it follows 


dy 
sf et Hy (tx) Ko (#20) 6a vo ee) 


The total intensity I(x) will be 


Ha)= f Hae aw fF (Ey (By de 


tx secd 


In the absorbing layer the correctionfactor Ky(E,h) must be calculated 
with h = constant = equal to the depth of the top of this layer. Using (4) 
and F;(E)=—F,(E) cos 9P, we find 


dI e 
i: ie t Ky (x) | sin 0 Fy (t x sec 3) cos OP di 
0 
or with tx sec 0=—=£& 
Fe at Gee! | ae dé 
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sf L Saleen om p ) di at Ke lex) bolt) 
dx + 7 
es 
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or, using (5) 


dy) dinK,\ dls I 
ae =( x aes ez Pins A és 4 5 (6) 


Normalising wo in such a way, that at the top of the absorbing layer 
(x= Xa), p=I the integration of (6) leads to 


peal. fs dl dinky, 


pon dats peed dx’ dx a 


Xq 


§ 4. Special remarks. 


a. For non decaying particles we have K — 1, and (7) reduces to (2). 
With p =0 we obtain (1). 


b. As generally ae O the second term in (7) is positive, whereas the 


third term is negative. The ordinary or the corrected Grosz-reduction (2) 
will be too great for decaying particles. 

c. From (6) it follows 3) that / and yw are proportional only when the 
primary energyspectrum F(F) is proportional to E-s’, If I1—cy we find 
CSieani( p40) (1c). 

d. From (3) we obtain G being the wateraequivalent of the total 
atmosphere when 


Ma GC ce GT 


In (! — = (1 — ue 


a 
be eee (¢-+1—n) 
3 neo = 
3) From (7) we have, using aan and [=cw 
_ du , dinK 
(pool Cp) i= cx Aen ae 


or 


Inu=InK + i L In x + constans 


cp—p-1 
i D 
ON = constans. Kx ¢ 


dx 


Comparing with (5) we see that the differential energyspectrum 
i is Be 
F== constans x) © 


The integral spectrum is therefor proportional to x—s if cs= (p+ 1) (1-—c). 


78 


The constant iG lied 4), 1 being the lifetime of the particles in 10~6 sec. 


The third term in the relation (7) is inversely proportional to the lifetime. 


§ 5. On the reduction in the atmosphere. 
In the atmosphere the correctionfactor is a function of x. The reduction 
can therefore, generally speaking, become very complicated. 
If, however, Fy(E) is a homogeneous function of E of degree —s, then 
we have: 
ion (sec ON | Fy (E) Ky (E) dE 
tx sec v 


With E = ty sec # we find 


(oe) 
» 


wa (x sec) =t cos OPtS—! | F (ty) K (ty, x) dy = cos 3? +$—! wo (x) 


whereas 


[2 
I (x) = | sind dd wa (x sec 0) = aa 


0 


Wo (x) 


In the atmosphere we find for every function F, homogeneous in E, the 
reduction 


1 


Nee SR 


(x). 


§ 6. Comparison with experimental data. 


We apply the results of § 3 to the measurements with counters and the 
ionisationchamber performed by P. H. Ciay and A. v. GEMERT and 


J. Cray 5), in O—50 m of water. The ionisationmeasurements are given 
in Fig. 1, curve J. 


4) Using 


1 2 
p= KM, a= ¢G=2X10eV, = pe2=—8X107e V 


ToC 


we have 


BtG _ 60% X10 he 
in es 64 penet 


5) These Proceedings 41, 694 (1938) and Physica 6, 184 (1939). 
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The GRosz-reduction for isotropic rays created at a wateraequivalent 
of 9 and 5 meters above sealevel (y—0.9 and 740.5) gives us the curves 


J 
LY 
0 
re 
4 
/0 20 30 MH.O 


2 


gael 


yoo and wos. The experimental data obtained with a system of counters 
(opening of the cone 30°) are only a little above the ionisationcurve, but 
far below those obtained by the ordinary GRosSz-reduction. 


We write p(x) for See and obtain, 5 being the depth expressed in 


10 m of water below the sealevel the following values for a and, by 


dx 
graphical integration putting ak —ftGK, the integral of p dln k 


c=) 0.5 1 LS 2 3 a 


a = =a) 0.492 0.235 Ohileul O14 0,065 0.026 


From (7) we have: 


ae vesien, 


— 2 = 2a (8) 


Le 


(p+ )) fy (x2) —I (x2) — p (m1) +1(x;) i + @ (x1) — 9 (x2) 


For small values of p the first term in the denominator will be almost 
negligible as the differences between wy and J are very small as compared 
to ~(x,;)— (x2) for small values of 0. 

We find for 7 > 0.7 a proportionality between the values of the integral 
and the corresponding values of w(x,;)— (xo) the resulting lifetime 
being: 

} 0:95 0.9 0.8 OF. 
fe 1.9 1.8 eS) ie XX 10~® sec 


This result is in complete accord with the value found from the deviation 
of the straight line in the log1 —logd diagram. This time t has been 
deduced without using a special energydistribution. The fact, that the first 
term in the denominator of (8) is negligible shows that the primary energy- 
distribution is nearly proportional to E~S (see § 4,c). 


Mathematics. — Sur la capacité des ensembles. Par A. F. Monna. 
(Communicated by Prof. W. VAN DER W OUDE. ) 


(Communicated at the meeting of December 30, 1939.) 


§ 1. La notion de capacité fut introduite par WIENER en 1924. Sa 
définition n'est valable que pour les ensembles bornés, fermés F. Il con- 
sidére dans l'ensemble complémentaire de F l'ensemble ouvert Q s étendant 
vers l'infini. Si v(P) signifie la solution de WIENER pour Q et valeurs- 
frontiére 1,et si S est une surface suffissamment réguliére entourant F, on a 


cap. east 
S 


(n = normale intérieure). 


En 1932 M. dE La VALLEE Poussin donnait la définition suivante, 
valable pour ensembles bornés quelconques 1): 

La capacité d’un ensemble borné E est la borne supérieure des charges 
que lensemble peut soutenir sans que son potentiel surpasse lunité. 

Pour ensembles fermés la valeur qui résulte de cette définition est la 
méme que celle résultant de la définition de WIENER. 

Le but principal de cet article est de montrer que la définition de WIENER 
peut étre généralisée pour ensembles bornés quelconques en conséquence 
d'une généralisation du probléme de DiRICHLET. 

Nous considérerons le cas d'un espace euclidien a trois dimensions; la 


généralisation aux espaces a plus de dimensions est immédiate. 


§ 2. Soit E un ensemble borné quelconque et CE son complémentaire. 
Donnons sur la frontiére de EF les valeurs-frontiére 1. Soit O un ensemble 
ouvert contenant EF. Désignons par v;(P) la fonction harmonique dans le 
complémentaire (fermé) de O, correspondant aux valeurs-frontiére 1 sur 
la frontiére de O, c.a.d. la fonction appelée par M. BRELOT 2) ,,la solution 
pour CO et valeurs-frontiére 1”’. 

Définition. L’enveloppe inférieure des solutions v;(P) pour tous les 
ensembles ouverts contenant E (donc borne inférieure en chaque point) 
sera appelée le potentiel capacitaire extérieur »(P) de E. 


1) M. DE LA VALLEE POUSSIN se bornait a des ensembles mesurables B, mais 
moyennant une définition plus précise de la notion de répartition de masse, la définition 


peut étre rendue générale. 
2) M. BRELOT, Probléme de Dirichlet et Majorantes harmoniques. Bulletin des Sc. 


Math, t. LXIII (1939). 
Proc, Kon, Ned, Akad. v. Wetensch., Amsterdam, Vol. XLIII, 1940. 6 
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De méme, si F désigne un ensemble fermé contenu dans E et v, (P) la 
solution de WIENER pour CF a valeurs-frontiére 1, l'enveloppe supérieure 
vp (P) de ces solutions pour tous les ensembles fermés contenus dans B, 
sera appelée le potentiel capacitaire intérieur de leh, 

On voit que o(P)=v(P). Pour les ensembles ouverts ou fermés on a 
UP) == vie). 

Nous montrerons que les deux solutions sont harmoniques en tout point 
intérieur de CE; il suffit de démontrer cela pour v(P), la démonstration 
étant analogue pour v(P). 

Soit Py, un point intérieur de CE. Il est-alors possible de construire une 
suite d'ensembles ouverts {Ox}, contenants FE, telle que, si v, désigne la 


solution pour CO;. 
lim Uk (Po) — v (Po). 


Puisque v;(P) =v; (P) si O;S Oj et v(Pp) est la borne inférieure de toutes 
les solutions en Py, on peut arranger de telle sorte que la suite {Ox} est 
décroissante (p. ex. on peut prendre la suite {O, . OQ... O,}). Soit alors 6 
un voisinage de Po, suffisamment petit et ne contenant que des points 
intérieurs de CE. Soit {P,} un ensemble partout dense dans 6(k—1,2,...). 
A chaque P; on peut donc faire correspondre une suite d’ensembles ouverts 
One Of =. 
telle que 


lim vg: (Px) = 0 (Px). 


i—o 


D’ailleurs on voit comme ci-dessus qu'on peut supposer 
Ox1 © Ox-1,1 (kaa 2 3 eee ae 


La suite {v;;(P)}, correspondant a la suite décroissante {O;;}, converge 
alors 4 v(P) en tout point Px: | 


dim On (Px) =i) (Px) 
i—_o 


(ese) 


Tous les v;; étant harmoniques en 0, la suite décroissante {v;;} tend en 6 
vers une fonction harmonique v*(P) et on a 


v® (Px) = v (Px) (ean 2 eae) 
Supposons ensuite qu’en un point P’ de 6+ P, on ait 
v3 (Peay, 


Alors il existe un ensemble ouvert OD E tel gue, v étant la solution 
pour CO, 


OP) yD) (ae. 
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. ca . f a / . . 
Considérons alors la suite {O.Oxn} = { Ox}. La suite des solutions 
correspondantes {v,,} converge en décroissant vers une fonction harmoni- 

mad : 
que v™ et puisque vx, < vgg, ON a encore 


v” (Pi) = v(P) (i=1,2,..,). 


Les fonctions harmoniques v* et v*’ coincident alors dans un ensemble 
partout dense sur 6, et on a donc 


0 (PP) =v (P).(P > od), 


Parce que O . Ogg © O ona encore v*’(P) < v(P) et donc aussi UP ye 
= v*(P’) <v(P"), en contradiction avec linégalité ci-dessus. On a donc 
bien 


C(P) == py (P), 


et vest une fonction harmonique en taut point intérieur de CE. 


Remarques. 


1. Dans une communication précédente j'ai introduit la notion de 
,,Solution’’ pour un ensemble borné borélien quelconque 1). On généralise 
facilement cette notion pour ensembles boréliens non bornés et alors, en 
remarquant que la fonction ainsi définie est indépendant de la suite des 
ensembles boréliens approximant l'ensemble donné, il est facile de montrer 
que: 

le si E est approximable par l’extérieur, la solution ainsi définie pour 
CE et valeurs-frontiére 1 coincide avec v(P); 

2e si E est approximable par l'intérieur la solution pour CE et valeurs- 
frontiére 1 coincide avec v(P). 

2. Soit S une surface suffisamment réguliére entourant E et soit n la 
normale intérieure. Si vy désigne la solution pour CO (ODE) on a 
SS sur S et il résulte de la démonstration précédente que est en 


; Ove 
tout point de S la borne inférieure des valeurs de i pour tous les O 
n 


contenant FE, Si v, désigne la solution pour CF (F C FE) ona 


4 cae Ov 
sur S et ae est en tout point de S la borne supérieure des valeurs de — 
n 


on 
pour tous les F contenus dans E. 
3. Les potentiels capacitaires extérieurs et intérieurs sont egaux a len 
tous les points intérieurs de CE qui n’appartiennent pas a l'ensemble 
connexe de CE s’étendant 4 l'infini. 


1) A. F, MONNA, Proc. Kon, Ned. Akad. v. Wetensch., Amsterdam, 42, 745—752 


(1939). 
6* 
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§ 3. On sait que la capacité d'un ensemble borné quelconque E, définie 
selon M. DE La VALLEE Poussin, est la borne supérieure des capacites de 
tous les ensembles fermés contenus dans E. Aussi, si l'ensemble est fermé 
ou ouvert la capacité est la borne inférieure de celles de tous les ensembles 
ouverts contenant E (pour un ensemble ouvert la borne est atteinte par 
l'ensemble lui méme) 1). Cela posé, nous définirons les notions de ,,capacité 
extérieure”’ et ,,capacité intérieure’’. 

Définition. La capacité intérieure c(E) dun ensemble borné E est la 
borne supérieure des capacités de tous les sous-ensembles fermés de E. 

La capacité extérieure C(E) de E est la borne inférieure des capacités 
de tous les ensembles ouverts contenant E, 

D’aprés § 1 on a pour ensembles fermés 


ou v est la solution de WIENER pour CF et valeurs-frontiére 1. 
Un ensemble ouvert est la limite d'une suite croissante d’ensembles 
fermés et on voit alors que 


ott ici v signifie la solution pour l’ensemble fermé CO et valeurs-frontiére | 
(BRELOT). 

De ces deux formules il résultent immédiatement en conséquence des 
définitions et de la deuxiéme remarque du § 2, les formules générales: 


. § 4. Enfin quelques propriétés simples de la capacité extérieure et 
intérieure, 


1. On a toujours 


c(E) =c(E). 
La condition nécessaire et suffisante pour que c(E) = ¢(E)\Pestquon 
puisse trouver pour tout ¢>0O deux ensembl 0 : 
a ee mbles O et F, ouvert et fermé, 
OD Bsn 
c(O) —c(F) <e, 


peeVoreps exe G. DE. LAS V.ALLEE POUSSIN, 


du potential etc. Act. Sc. et industr, 578 (1937) Baa ae ee ELS 
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on encore que 
o(P)=v(P) (PCCEB). 


Remarquons qu'il n'est pas permis de remplacer, comme dans la théorie 


de la mesure, c(O) —c(F) par c(O—F), ces deux quantités n’étant pas 
égales ici en général. 


Zee OE or. ona 


3. Soit E=E,+ E+... oa les E; sont mesurable B, M. FRoSTMAN 
a montré1) qu’alors 


CD) ECA) 
Cette relation est encore vraie pour la capacité extérieure. En effet, soit 


O;>8E; et donc E Cid O;. Alors, & O; étant ouvert 


¢(E) S¢(s O)=c(F 0) =c(O,)+ 


ns 


Donc, en prenant les bornes inférieures, 


c(E&)=c(E;)+c(B&)+.... 
Remarque. On peut de méme facon qu’au § 3 définir les capacités 
extérieures et intérieures d’ordre a=1 (c.a.d. des capacités obtenues en 


partant non du potentiel newtonien mais d'un potentiel généralisé —; voir 
r 
FROSTMAN l.c.). La propriété ci-dessus devient alors 


LetE)T == [eB il? le(E Ie... 


4. Sid, désigne la plus petite distance de P a E ona 


‘ 
Ces relations sont connues pour ensembles fermés (elles se réduisent alors 
a une inégalité). On voit par un passage a la limite qu’elles subsistent pour 
ensembles ouverts (encore une inégalité) et alors elles subsistent encore 
au cas général. 


1) ©, FROSTMAN, Potentiel d'équilibre et capacité des ensembles avec quelques appli- 
cations a la théorie des fonctions. Meddelanden fran Lunds Universitets Matematiska 
Seminarium, Bd. 3 (Lund 1935), 
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5. Les ensembles de capacité nulle sont particuliérement interessants. 


On a les propriétés suivantes, 

a. Soit E la somme d'un nombre fini ou d'une infinite dénombrable 
d’ensembles de capacité intérieure ou exterieure nulle. Alors, comme il 
résulte de la propriété no. 3 du paragraphe précédent, c(E) ou bien c(E£) 
est zero. 4 

b. Un ensemble de capacité extérieure nulle a une mesure extérieure 
m, nulle et est donc mesurable. 

Supposons m, > 0 et soit O un ensemble ouvert de mesure m, conte~- 
nant E. Considérons sur O une distribution de masse telle que chaque sous- 
ensemble mesurable de O porte une masse égale a la mesure de cet sous- 
ensemble. Le potentiel de cette distribution est borné: 


[ft =n (2) =H 
r 47 


On a donc en vertu de la définition de M. DE La VALLEE PoussIN 


SO ae 


Par passage a la limite donc 


= 3me \3 
Ma 22 (Ges ) : 
Egalement il résulte de c(E)-=0 que m;(E)=0 (voir DE La VALLEE 
POUSSIN lc, p, 21; aussi FROSTMAN lc. ch. VII). 


Dordrecht, décembre 1939. 


Mathematics. — Sur les notions de ,,point stable’ et point régulier”’ 
dans le probléme de DirRICHLET. Par A. F. Monna. (Communicated 
by Prof. W. v. p. WouDe). 


(Communicated at the meeting of December 30, 1939.) 


Dans une communication précédente!) j'ai donné les définitions des 
notions ,,point-frontiére stable’’ et ,,point-frontiére régulier” d’un ensemble 
borné mesurable B. II s’agit maintenant d’une généralisation des critéres 
de stabilité et régularité donnés par M. M. WIENER et BRELOT?). Nous 
supprimons la plupart des démonstrations parce qu'on trouve facilement 
les modifications nécessaires dans les épreuves bien connues aux cas 
d'un ensemble ouvert ou fermé. 


Theoréme 1. Pour que Q soit stable il faut et il suffit que pour 
une fonction continue D(P), sous-harmonique dans un ensemble ouvert 
contenant FE, nulle en Q et >0 ailleurs, on ait u(Q)—(Q) (on peut 
prendre p. ex. 0(P)= PQ). 

Critére analogue pour la régularité. C'est une conséquence de ce 
critére que la stabilité et la régularité sont conservées quand |’ensemble 
donné FE décroit, Q restant point-frontiére. I] en résultent encore les 
deux théorémes de comparaisons suivants: 

a. Soit E contenu dans un ensemble ouvert 2, sauf un seul point 
Q, des frontiéres de E et 2 qui appartient 4 E mais non a 2. Soit de 
plus Q un point-frontiére régulier pour 2. Alors Q est stable pour E. 
La démonstration est tout a fait analogue a celle de M. BRELOT pour 
le cas de E fermé (les circonstances que F et 2 peuvent avoir de 
points-frontiére en commun autre que Qy) — ces points n’appartiennent 
alors pas a E — et que E éventuellement n'est approximable que par 
l'intérieur, ne présentent pas de difficultés). Remarquons que l’inverse 
n’a pas toujours lieu. 

b. Soit E,C E,, le point-frontiére Q de EF, et E, appartenant 4 F, 
mais non a E>. Alors la stabilité de Q pour EF, entraine la régularité 
pour E,. La démonstration est immédiate (toute solution est continue en 
un point stable). 

De ce dernier critére il résulte la propriété-suivante: 

Soit E la fermeture de E (c.a.d. la somme de E et les points-frontiére 


1) A. F. MoNnNA, Proc, Kon. Ned. Akad. v. Wetensch., Amsterdam, 42, 745—752 


(1939). 
2) M. BRELOT, Probléme de Dirichlet et majorantes harmoniques. Bull, des Sc. Math, 


ii, WED.GIMUL (ASHES). 
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de E). Alors chaque point stable de E est stable ou régulier pour Ie 
selon que Q appartienne 4 E ou non. Néanmoins, un point régulier ou 
stable pour E peut étre instable pour E. L’ensemble esr des points 
réguliers et des points stables pour E contient donc l'ensemble des 


points stables pour E. Or, M. BRELOT a montré') que ce dernier 


ensemble est partout dense sur la frontiére de FE. Donc aussi es; est 
partout dense sur la frontiére de E. 


Théoréme 2. Soit o une sphére de centre Q et de rayon g. Soit 
(CE). l'ensemble des points de CE situés sur ou dans o et supposons 
0 suffisamment petit pour que E soit situé dans l'ensemble connexe 
infini déterminé par (CE)o. Pour la régularité de Q il faut et il suffit 
alors que 

1°. Si E est approximable par l'intérieur (donc (C E)o par l’extérieur): 

lim v(P)=1 
P+Q 
(P > E) 
2°. Si E est approximable par l'extérieur (donc (C E)o par l'intérieur): 
limo (P) =1 
P-> Q— 
(P > E) 


ou v resp. v signifient le potentiel capacitaire extérieur et intérieur de 
(CE)o ’). 

Critére analogue pour la stabilité. 

La nécessité est une conséquence immédiate du caractére local de la 
stabilité ou régularité d'un point-frontiére (voir aussi la premiére remar- 
que du § 2 de l'article mentionné ci-dessus). 

La suffisance s'établit d'une facon analogue a la démonstration du 
critére bien connu de BOULIGAND pour ensembles ouverts 3). D'abord on 
voit qu'il suffit de considérer une fonction continue @ sur la frontiére 
E* de E qui est zéro sur la portion E, de E* située sur ou dans une 
sphére o, de centre Q et rayon o suffisamment petit et qui est =1 


— 


ailleurs sur E*. La borne inférieure de w = 1 — v (P) (resp. 1—v (P)) est 
peut-étre zéro sur E* —E,, mais il est possible d’éliminer de E* — E, une 
portion de mesure 6 aussi petite que l'on veut telle que w >m>0 sur la 
portion restante. Soit alors @(P) la solution pour E+, et valeurs-frontiére 
I sur 6 et zéro ailleurs (rendre continue). Alors les valeurs de ® sont au plus 


égales sur E* a celles correspondants a eee @. Remarquons que la 
m 


=) bs BRELOT, Sur un balayage d’ensembles fermés. C. R. Ac. des Sc. t. 207, 1157 
(1938). 


?) Voir l'article précédent: Sur la capacité des ensembles, 


3) Annales de la Soc. pol, de Math., 1925, p. 89. 
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valeur de 6 en Q peut étre rendue aussi petite que l’on veut avec 6 et «. 
Il suffit alors évidemment de montrer que la solution pour est majorée 
parw(P) car, d’aprés la supposition, w(P) tend vers zéro en Q. Or, 
on montre sans peine par induction que de 0(P)=w/(P) sur E+ E* 


il résulte que la solution pour D est majorée par w(P). Le théoréme 
est donc démontré. 


Pour ensembles fermés M. BRELOT a déja généralisé le critére néces- 
saire et suffisant de WIENER (série de WIENER) pour ensembles ouverts. 
Au cas général d’un ensemble borélien on obtient le critére suivant: 


Théoréme 3. Soit I’, la sphére de centre Qy et rayon M* uN KA <1. 
Soit A, la portion du complémentaire de E comprise au sens large 
entre les sphéres I, et In, et soient Cn et Cn les capacités extérieures 
et intérieures de An. Pour que Q) soit stable ou régulier (selon que Q, 
appatrtienne a E ou non) il faut et suffit que, 

1°. st E est approximable par l'intérieur, la série 


diverge ; 
2°. si E est approximable par l’extérieur, la série 


diverge. 
Supposons (en prenant le premier cas) que la série indiquée converge 
et supposons, par impossible, que Qo soit régulier. Choisissons m assez 


= A ; 
grand pour que + hen En vertu du théoréme 2 le potentiel capaci- 
m 


taire extérieur de la portion du complémentaire de E située sur ou dans 
Insp (p= 0,1,...) tend vers 1 en Qs. Il en résulte qu'on peut prendre 
k assez grand pour que le potentiel capacitaire extérieur vm,m+x de 
Amt... +tAm+« soit supérieur a + dans un voisinage de Q,. Remarquons 
alors que si E—E,-+ E,, on a, comme on le voit aisément, 


Be 


Up (P) 0, (Py vg (P)- 


Si donc vp, désigne le potentiel capacitaire extérieur de An, on a 


m+k 
= —= = 
Um, m+k = 2S Un 
m 
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et donc, en appliquant une relation connue (voir § 4 de la communi- 
cation précédente), on a en Qy 


. k 
eee: Ch c 1 
Um,m+k = — jn+i ae 
m 4 a 


C'est la une contradiction et le point est donc irrégulier (resp. instable)'). 
Supposons ensuite que la série diverge et soit E approximable par 


En 


l'extérieur. Choisissons les én > 0 de maniére que la série 25 converge. 


n 


Il existe alors dans chaque A, un sous-ensemble B, tel que 
Cima © CBA) < &h. 


La somme des ensembles B, augmentée de Q est fermée. L’ensemble 
complémentaire ouvert 2 contient E, sauf éventuellement le point Qo 
si Q appartient a E (E et 2 peuvent avoir en commun d'autres 
points-frontiére mais ces points certainement n’appartiennent pas a EF). 
En conséquence du choix des By la série correspondante pour {2 diverge 
encore et Q est donc régulier pour 2. D’aprés le théoréme de compa- 
raison précédent, Q est donc stable (ou régulier) pour EF. 

La méme démonstration, die 4 M. BRELOT pour ensembles ouverts, 
subsiste évidemment encore au cas d'un ensemble borélien approximable 


Ye - . . ’ a . 7 Cc . 
par l'intérieur si l'on suppose que la série S diverge. Cependant, 
n 


en ce cas le théoréme ne suppose que la divergence de la série des 
capacités extérieures ce qui nentraine pas la divergence de la série des 
capacités intérieures (au moins si l'on ne suppose pas que Cn— Cn). Pour 
montrer la suffisance du critére au cas d’un ensemble approximable par 
l'intérieur il faut donc d'autres moyens. Nous supprimons l’épreuve 


puisqu’on n'a gu’ a modifier la démonstration de KELLOGG (l.c.) comme 
ci-dessus ”). 


Dordrecht, décembre 1939. 


*) Cette démonstration n'est qu'une transposition de celle de KELLOGG pour ensembles 
ouverts; voir Bull. of the American Math, Soc, XXXII (1926). 


| 2) Comparez aussi une démonstration de M. DE LA VALLEE POUSSIN au Bulletin de 
l'Académie royale de Belgique 1938, p. 673. 


Mathematics. — Eine Charakterisierung der konformeuklidischen Raume. 
Von J. HAANTJES. (Communicated by Prof. J. A. SCHOUTEN). 


(Communicated at the meeting of December 30, 1939.) 


In einer fritheren Arbeit ') haben wir die folgenden zwei Satze bewiesen : 

1. Eine notwendige und hinreichende Bedingung dafiir, dass eine 
Vin(n =2m) gerader Dimension konformeuklidisch sei, ist, dass die 
Summe der RIEMANNschen Kritimmungsmasse fiir jedes System von m 
gegenseitig senkrechten 2-Richtungen in jedem Punkte von der besonderen 
Wahl dieses Systems unabhangig ist. 

2. Eine notwendige und hinreichende Bedingung dafiir, dass eine 
Vom konformeuklidisch sei, ist, dass die Summe der skalaren Krtim- 
mungen von zwei beliebigen gegenseitig senkrechten m-Richtungen in 
jedem Punkte von der besonderen Wahl dieser m-Richtungen unab- 
hangig ist. 

Diese zwei geometrischen Charakterisierungen der konformeuklidischen 
Raume gerader Dimension sind eine Folge eines allgemeineren Satzes, 
den wir jetzt formulieren. Es seien mj,...,mp p beliebige aber fest 
gewahlte Zahlen, fiir die 


ie (C= Pp) > Mp oe. a 3 oe. (1) 


ist, wo n die Dimension des Raumes ist. Wir betrachten weiter Systeme 
von p gegenseitig senkrechten m-Richtungen der Dimensionen m, my,...,Mp; 
also eine m,-Richtung, eine m,-Richtung,... und eine mp-Richtung, welche 
gegenseitig senkrecht sind. Es handelt sich nun um den folgenden Satz: 
- 3. Eine notwendige und hinreichende Bedingung dafiir, dass eine 
V,(n=4) konformeuklidisch sei, ist, dass die Summe 


He ioe thee oe Oe aipoe spew pee Ae) 


fiir jedes System von p(p>1) gegenseitig senkrechten m-Richtungen der 
Dimensionen m,,...,mp(mi> 1) in jedem Punkte von der besonderen 
Wahl dieses Systems unabhangig ist. 

Dabei haben wir die skalare Kriimmung'!) (auch erzwungene skalare 
Kriimmung genannt’)) der mj-Richtung mit ; bezeichnet. Im Folgenden 


1) J, HAANTJES und W. WRroNA, Ueber konformeuklidische und EINSTEINsche 
Raume gerader Dimension. Proc. Kon, Ned. Akad. v. Wetensch., Amsterdam, 42, 


626—636 (1939). 
2) J. A. SCHOUTEN und D. J. STRuIK, Einfithrung in die neueren Methoden der 


Differentialgeometrie II, S. 133. 


oy 


wird sich herausstellen, dass in diesem Falle die Summe (2) stets gleich 
nz ist, wo x die skalare Kriimmung der V. ist. Bir my = 2 C=1 5D) 
erhilt man den ersten der oben genannten Satze, fiir p—=2 und my=m, 
den zweiten Satz. 

Zuerst werden wir beweisen, dass in konformeuklidischen Raumen (C,,) 
die Summe (2) stets gleich nx ist. In einer C, hat der Kriimmungs- 
affinor die Gestalt 


a 
Ky pin app Las cat bal, wee ne od og (3) 


ay) 


— zs J — A~ — é ? 
le ——_— Kae + 7 (n—1) Taine: ib Oye. a K (4) 


ist und der Fundamentaltensor des Raumes mit az, bezeichnet ist. Den 
Fundamentaltensor der m,;-Richtung bezeichnen wir mit a;,. Laut Definition 


ist nun 


= Ky aax a’* ats 
m—! 1a, Mae 


1 1 
= m,—1 + n—2 (ava Lae me un Ls Tee Len == Aux (Be a) aaa aes . (5) 
1 1 


Es ist also 


my, 4 - Mm, BD Tie aD Dat cry epee aka i) |] 
a 1 


wo * die skalare Kriimmung der C, ist. Die Summe (2) ist daher in 
einer C, von der besonderen Wahl des Systems von m;-Richtungen 
unabhangig. 

Jetzt beweisen wir den umgekehrten Satz. Die Summe (2) sei fiir eine 
bestimmte Wahl von m;(i=1,...,p) von der besonderen Wahl der 
gegenseitig senkrechten m;-Richtungen unabhangig. Es ist zu beweisen, 
dass der Raum konformeuklidisch ist, 


Betrachten wir zuerst den Fall p= 2. Den Fundamentaltensor der 


Gi 


m,-Richtung bzw. m,-Richtung bezeichnen wir mit az, bzw. airy. Es ist 
dann wegen ai,= a,.—ar, 


1 \ 
My, *, = hs) 2) = = Kee av” qi us + 1 Kouiea ea 
m,—1 m7—1 “ 
— 1 | | K 3 pes ex ihg! l K. Dore Liter 
m—1 ' m,—1 eee Sooners (K—2 Kyat) (7) 
1 n—2 . | 
— k—2 Ina ua Pree Ue ell fakd 
m>—1 ( ura cones Ky A2xa a ) | 


von der besonderen Wahl der m,-Richtung unabhangig. Der Ausdruck 
im rechten Glied dieser Gleichung ist also von der besonderen Wahl 
von a,; unabhangig. Betrachten wir jetzt zwei m,-Richtungen, welche 
eine (m,—1)-Richtung gemeinsam haben. 

Die Fundamentaltensoren bezeichnen wir mit 


a1 = birt é px pa, o=p pe / 
Pp p 


. | (8) 
Aa — Dz, + € Gy Ga, 20 Gy, Bors \ 
q q 


wo bj, der Fundamentaltensor der gemeinsamen (m,—1)-Richtung ist und 
p’ und q* zu dieser (m,—1)-Richtung senkrecht sind. Der Ausdruk (7) 
hat fiir aj, und 4), den selben Wert. Subtraktion fiihrt zu 


aoe /ugte, Se om age Or PD 
P se 
2 (n—2) (9) 
ij) = ; 
== —— IN)! qr q’ + ete ear hg BI nas pe Gis q’ \ 
q DE ee 


In dieser Gleichung ist b:;, der Fundamentaltensor einer beliebigen 
(m,—1)-Richtung und sind p* und q* beliebige zu dieser (m;—1)-Richtung 
senkrechte Einheitsvektoren, welche auch gegenseitig senkrecht sind. 
Wir wenden jetzt den folgenden Satz an: 
Geniigt ein Affinor P,, der Gleichung 


pe i ees (1 0) 
p q 


fiir jedes Paar von zwei gegenseitig senkrechten Einheitsvektoren p* und 
q’, welche in einer bestimmten m-Richtung gelegen sind, so ist die 
m-Komponente von Py, (in dieser m-Richtung) proportional mit dem 
Fundamentaltensor dieser m-Richtung. Dieser Satz folgt unmittelbar aus 
der Tatsache, dass die mit Py.) gemessene Lange der in der m-Richtung 


of 


liegenden Vektoren proportional ist mit der mit az, gemessenen Lange. 
Aus (10) geht also hervor 


Pageptq? == 0.0m ee ee (11) 


fiir jedes Paar gegenseitig senkrechte Vektoren der genannten m-Richtung. 
Unter Anwendung dieses Satzes folgt daher aus (9), dass 


area ae I Gotan: be p” G0: ‘ . . (12) 


ist, wo p’ und q” gegenseitig senkrecht sind. Diese Gleichung kann man 
nun fiir verschiedene 6%’ anschreiben, wobei p* und q” fest bleiben. 
Wir wahlen dazu zwei (m,—1)-Richtungen, welche eine (m,—2)-Richtung 
gemeinsam haben und beide zu p’ und q’* senkrecht sind. Es seien 


b+ = ct? + er” = 
if 


_ ; ae (13) 
bt? — ¢*’ + ess \ 
Ss 


die Fundamentaltensoren dieser (m,—1)-Richtungen. Die Gleichung (12) 


gilt nun sowohl fiir b” als 6”. Es ergibt sich dann durch Subtraktion 
dieser zwei Gleichungen in dhnlicher Weise wie oben 


Kage DG) ts = 0,0 ee a) 


welche Gleichung also fiir jedes System von vier gegenseitig senkrechten 
Vektoren gilt. 

Im Falle wo p> 2 ist, beweist man in genau derselben Weise, dass 
(14) gilt fiir jedes System von vier gegenseitig senkrechten Vektoren, 
welche in einer (m,;+m),)-Richtung gelegen sind. Bei diesem Beweis 
werden dann die m;-Richtungen (i=3,...,p) fest gehalten, wahrend 
die m,-Richtung und die m,-Richtung innerhalb der (m, + m.)-Richtung 
variiert werden wie oben angegeben ist. Weil nun aber die m;-Richtung 
und die m,-Richtung beliebig gewahlt werden kénnen, gilt (14) fiir jedes 
System von vier gegenseitig senkrechten Vektoren. 

Aus (14) geht durch Verwechslung von q’* und s’ hervor 


—= KGa De CPs == 00 a ee ere 1 
Addition dieser zwei Gleichungen ergibt wegen Kp «ij,=0 
3:K5 nae p" Gur s == Oza) ee ee en 1) 


Es verschwinden also fiir jedes orthogonale Bezugssystem die Bestimmungs- 
zahlen von K,,2, mit vier ungleichen Indizes. Die V, ist demzufolge 


konformeuklidisch *), also eine C,. Damit ist der oben genannte Satz 
bewiesen. 


3) Vgl. J. A. SCHOUTEN und D. J. Struik Il, S. 204. 


Paleontology. — The excavation at Koerhuisbeek, Deventer, Nether- 
lands. 1935—1937, Cadastre: C. 2, Ns 632640. By J. BUTTER. 
(Communicated by Prof. J, BoEKE.) 


(Communicated at the meeting of December 30, 1939.) 


In 1935 Ir L. vAN GENDT, the Director of Public Works, being in need 
of sand for making a sportsground, began excavations at Deventer. The 
digging extended from about 54 m above sea-level to 25 m below sea-level. 

The moraine of Risz is at about 74 m—_N.A.P. 

The excavation extended (cp. geological service, map 33, Zutphen II) 
from holocene (Iz) to pleistocene II 8 (lower terrace of Wurm; horizontal 
sands without gravel). 

The first thing found (at abt. 0.67 m + N.A.P.) was a kind of paddle 
or side rudder, made of wood and was presented to the Waagmuseum. 

In the excavation were 4 layers of gravel and 2 layers of clay. 

Layer IV was at 2.50—2.75 m—N.A.P. In this gravel have been found 
bones of Elephas primigenius (tusk, molars, humerus) Rhinoceros 
tichorhinus (jaw with 2 molars), Cervus megaceros (part of the skull: here 
the right antler has been struck off) (Cp. Antiquity March 1938 BREUIL. 
The use of bone implements in the old palaeolithic period Chou—kou— 
tien 6). Bos primigenius, the smaller type (Atlas) Rangifer tarandus, 
Cervus Elaphus (antlers and part of skull) Sus scrofa (a tooth). 

The gravel of IV was very course: 33 % white quartz (5.6 kg greyish 
gravel and 2.8 kg white quartz) (Cp. 5A at Helenaveen and Montferland 
(STEENHUIS). 

Dr KrulsinGca, Delft, has determinated: sandstone, probably from the 
south; porphyr, probably from the Rhine; sandstone from the south; quartz 
porphyr, perhaps from the Rhine; jurassic odlite from the south. (Cp. the 
terraces of the Rhine and Ubagsberg). Three pebbles of the north: 
2 granites and 1 biotitegranite. Dimensions 1 X 2 X 3cm, but also many 
greater pieces: K 771, weight 4 kg, 27 X 12 X 7 cm. 

Layer III from 0.5 m to — 2 m below sea-level. The gravel had much 
emallerscimensions mis) .< lon locem: 4 x 30% 0.3 cm, 

Under this layer III was a small layer of brown sand with many pupillas; 
the brown sand was covering a thin layer of greyish blue sand without 
this shell, 

In these two layers was skull 1, which has been washed by the workmen; 
so the contents are not available for examination. Prof. Dr EuG. DuBois 
has preparaed the skull. Above layer III were clausilias. 


Geological Service N°. 33, Zutphen II. 
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Under layer III was a third skull (K 902), half a 
meter from a piece of willow and 8 m from the tusk 
of mammoth, at a depth of abt —2.5m. This skull was 
completely filled up and is at the disposal of scientific 
research (e.g. Prof. Dr EDELMAN, Wageningen). 

A part of the 2nd skull (K 887) has probably been 
found in a pothole. Layer II was locally covered by a 
layer of clay (in the south of the excavation at 
0.25m +N.A.P.) going from the north to the south 
at a breadth of about 20m and at a thickness of 
2—4 dm. This layer of clay had at the south an 
inclination of 1:10. Between II and III have been 
found: 

1, More than 2000 bones of Bos (very much), 
Equus (much) Cervus; (nearly 300 have been 
determinated later on by Prof. Dr G. HASsE, 
Antwerp.) 
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2. Human long bones: Radius, Ulna (curved) humerus, femur. 

Tibia (less platycnemic than those of Cro-magnon) 
sacrum, parts of skull, 

All the bones have been measured and described by Prof. Dr H. V. 

VALLOIS, Paris-Toulouse. We hope, war will end soon. 

3. 4 Implements, made from horn of Cervus elaphus. 

K 1682 hammer-axe 0.5 m—N.A.P. 

K 1022 Point 0.24 m—N.A.P. 

K 1214 Horn, cut off 2m—N.AP. 

K 1444 Horn, cut off 0.77 m—N.A.P. 

4. Miocene rolled shells, coming from the south. 

5. At N.A.P. I have found a small inclusion of botanic remains, in which 
Dr FLorscHttz, Velp, discovered grains of raisins; in Swiss these 
occur in the neolithicum. 

The 4 implements: 


K 1682. Hammer, axe or hoe. The hole is perpendicular. 

In St. Germain-en-Laye is quite the same hammer-axe in the room of 
neolithicum; nr 3204 St. Aubin, lake of Neuchatel, Swiss, Cp. also Clark 
Svaerdborg, fig. 40—1 and Svaerdborg X 4625 and X 4614. 

Cut off transversely. 


K 1022. Cp. with Svaerdborg. There the pieces of antlers are cut off, 
but they have no hole. Cp. also Clark, fig. 55, 2 Ertebélle and Clark 
Mildenhall Fen (1936). In the room of the neolithicum at St. Germain- 
en-Laye is nr 18998, found in the peat, Abbéville, Somme (Donor Bouchez 
de Perthes). This specimen has also a round hole. 

Compare for the probable use of it: Déchelette I, fig. 191, nr 4.LaLance, 
Swiss. In that country we find also points in the neolithicum; never the 
hole is round, but oblong, to contain a small neolithic axe as a specimen 
in the Museum Arnhem. I have made a cast of the interior of the hole of 
K 1022, to see if it were possible to compare this hole with the implement 
of Illustrated London News, December 1929, nr 53, I got the impression 
that it could have contained such a thin, small flint. 

But in the same room of neolithicum was also nr 23385, Latringen (Swiss 
neolithic palafittes) containing a small, thin flint, polished only on the 
edge, and the round hole filled up with some filling. So conclusions are 
not possible. 

Moreover nr 53 is a bone, containing a flint and not a Cervus elaphus 
implement. 


K 1214. Our specimen has not been finished, but cut off at one end, 
broken at the other. Cp. Svaerdborg X 512, but this horn has a round hole. 
Svaerdborg X 3955 has also a hole for a haft. 

In Ertebélle are also specimens cut off as K 1214. 

Cp. Clark fig. 40, nr 3 Svaerdborg and Déchelette I, fig. 191, nr 2 for 


Proc, Kon, Ned, Akad. v. Wetensch., Amsterdam, Vol. XLIII, 1940, 7 
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the probable use of such implements and Kostrzewski fig. 5 nr 1. It may 
also be an upper part of a broken axe (recently found at Zandweert) 


K 1444. Horn of a young Cervus Elaphus, cut off longitudinally as 
many times is the case with the axes in Ertebélle. 

X 553 Svaerdborg has an oval hole. In “En Boplands pa de oldste 
stenalder in Svaerdborgmose 1919” Mr K. Tris JOHANSEN has published 
such a specimen as a forgery. 

The culture of Cervus Elaphus begins in Mas d’Azyl, when the reindeer 
disappears. In Andernach, an excellent station for the study of terraces, 
that I have visited in 1933 with Professor Dr K. OESTREICH. the pumice 
stone eruption covers a layer with nearly all Cervus Elaphus-remains (and 
a kind of hamster) and below this layer is the magdalenian culture with 
the pleistocene fauna. 

In the North of Europe it is quite the same. The Cervus Elaphus culture 
begins, when the reindeer is disappearing: (Hamburg, Lyngby) Magle- 
mose, Mullerup, Svaerdborg, Holmegaard, Ertebdlle, Kokkenméddinger 1). 

It may be, that the climate of the periglacial countries was in the 
Wurmperiod uniform; but at the end of the Wurmperiod the reindeer 
disappeared earlier in the South of France, than in N.W. Europe, till it 
survived in North Russia. 

So we can understand, that Prof. ABBE BreEUIL said on the Congress of 
Oslo that the Hamburg-culture is a kind of magdalenian, coming from the 
east, (in which probably the maglemoseculture has its origin), but that 
this culture has nothing to do with the magdalenian of the South of 
France, and we can read in the “Subdivisions” (pag. 57) that the harpoon 
in this culture is: “de style déja maglémosien”’. 

We do not know, where at Deventer the neolithicum begins and the 
mesolithicum ends, because there is no typical implement and_pollen- 
analysis was not possible, because there is no peat. 

Among the long human bones, between II and III are 2 tibias, less 
platycnemic than these of Cro Magnon, especially a character of the 
neolithicum. Skull I has a chignon as the Cro-Magnon, but the face is 
quite different. It has been found in a layer with many pupillas, asking 
dry conditions, that we have after the arctic in the boreal period. 
Perhaps skull 3 is preboreal. The contents must be examined. So I 
thought it to be prudent to say, that this Cervus Elaphus culture is 
mesolithic-neolithic as well as the long human bones. This opinion has 
been affirmed by my finds at the Watertower Deventer 1927 (a part of a 
human upper jaw and a bone of Auerochs, sent to the ‘“Biologisch Archaeo- 
logisch Instituut’ at Groningen for determination) and the finds of 


1) Cp. the flints of Budel with Svaerdborg: Clark fig. 31, nr 7, 15, 31, 35, 39; 
figeiso, pel 2,6) tiga 30, ur 1,2, 3, 4, 5,14 with Budel: fig.;7, 16; fig. 4a, nr 9; fig. 6, 
1—10; fig. 4A, nr 5; fig. 7, nr 1, 3, 4; fig. 4 the numbers 31, 35, 39, 6 are in my private 
collection. 


Te 
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De Zandweerd (1939) (Deventer A 2, n°. 3930) north of Deventer, both 
nearly at the same level. Here I have collected from a dredgingmachine: 


1. The layer with shells (somewhat below N.A.P.): Pupilla muscorum; 
and also Pisidium amnicum, Bithynia tentaculata, typical shells of 
Ancylusperiod, Cochlicopa lubrica, Also 2 layers of clay, and peat. 


2. Mammoth (femur) and reindeer = 160 and = 283). 


3. More than 1000 bones of Equus, Bos, Cervus, Sus (at the Museum). 
4. Implements, probably most of them of Cervus elaphushorn. 


1 ° 350 and © 285, 2 hammer-axes cut off longitudinally as in Erte- 
Z Z 


bélle as well as one long broken axe = 35h = 3824), 


Cp Mlle Doize. Oslo 1936 V maglemose of Belgium. 
The holes are perpendicular. 


II — 276. A point as K 1022, much spoilt by the workmen. Another 
cut off tine has been found in November 1939, E 380 ). 
z 


Hl = 250. Phalange, peered at 2 sides (Cp. Clark Svaerdborg fig. 40, 
nr 11 and Mlle Doize, Maglemose of Belgium, Oslo 1936 I). 
IV 6159. Patteoflausiulleyih Gin cleetend also 2 holes in the horn, 


to fix it with ties at a stick and to contain a silex or an axe at 


the end of the horn (?) 
Human bones: 


Me = 236 and = 237. A broken lower jaw. 


n 
Qi = 162 a tibia, platycnemic as that of Koerhuisbeek. 


3, = 303 a curved ulna. 


4, = 290 half a humerus. 


no | 
5. on 366. Femur somewhat cylindric, 


Another hammer-axe(?) cut off longitudinally as at Ertebdlle and 
maglemose of Belgium comes from IJssel between Schipbrug and Spoor- 
brug (2711) presented to me by Mr GuiTING, Hengelo-Deventer. 


*) Cp. WEINERT-MONTANDON, I'Homme fossile (1939): 


shi leistocene m 
mesolithicum (genese of the nordic race), p an of the 


J. BUTTER: THE Excavation AT KOERHUISBEEK, DEVENTER, NETHERLANDS, 1935—1937, 


Fig. 4. Four implements from Koerhuisbeek. 


Fig. 5. Human skull with “chignon’, found at Koerhuisbeek, 6, 1, 1936. 


Fig. 6. Human skull K 902, found at Koerhuisbeek (‘third skull’). 


Proc. Kon. Ned. Akad. v. Wetensch., Amsterdam, Vo!, XLIII, 1940. 


he 


Fig. 7. Long human bones from Koerhuisbeek. 


ig. 8. Four implements from Zandweerd, 1939. Fig. 9. Human bones from Zandweerd, 1939, 
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The culture of Hengelo-Lochem is a Cervus-Elaphus-culture and the 
Same as in Deventer. So it is my opinion, that this culture is mesolithic 
and not pleistocene. But botanists have another limit of the pleistocene 
than some geologists and archaeologists, as Dr TESCH has also said on the 
Congress of Nijmegen (Nimway) (1939) 


Holocene 
Late glacial time Botanists 


Wurm III 


Masurian Interstadium 


Wurm II Archaeologists and geologists 
Aurignacian Interstadium 


Wurm | 
Risz~-Wurm interglacial 
Risz (at Deventer — 74 m below N.A.P.) 


Deventer, November 1939. 


Description of the important finds, determinated by 


T — Dr. TINDELL HopwoopD; V — Prof. VAUFREY, B — Prof, ABBE BREUIL; 
H = Prof, Dr G. HASSE. 


K6 + 0.67 m: a rudder or paddle of wood. 
K4 Bos primigenius; the smaller type; atlas (B., T.). 
K729 Lower jaw of Rhinoceros tichorhinus with 2 molars (B.). 
K 669 Humerus of mammoth, in IV (B.). 
K 2002 Scapula, probable of mammoth. —2.5 m (H.). 
K 1868 and ) x : 
K 1869 ntler of Cervus elaphus with a part of a skull, not rolled. —2.5 m (B.). 
K 1951 Antler of Cervus elaphus. — 2.75 m (B.). 
K1773 Part of a skull of Cervus megaceros. —2.5 m (B.). 
K799 Tusk of mammoth. —2.7 m (B.). 
Human skull with “chignon”, — 1.34 m 6/1/1936. 

K 2710 os occipital of man. 
K 902 Human skull. —2.5 m 19/5/1936, 
K 887. Part of human skull, — 1.25 m. 
K 330 Human tibia somewhat platycnemic; above II. 
K 63 Skull of Bos. 
K589  Calcaneum of Rhinoceros, below III (V.). 
K 1682 Hammer-axe of Cervus elaphus. —0.5 m (B.). 

N.A.P. grains of raisins. 
K909 Molar of mammoth. — 2.74 m (B.). 
K 932 Part of a long bone of mammoth or great type of Bos, —2.2 m (Bae 
K 1179 Human ulna, —1.9 m, 
K 1022 Worked piece of Cervus elaphus antler. — 0.24 m (B.). 
K 1167 Human sacrum, — 1.56 m. 
K 1170 parts of human skull, -+ 1.3 m. 
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K 1214 horn of Cervus elaphus, worked by man. == 9) jm ((18).))c 
K 1444 horn of young Cervus elaphus, worked by man. —0.77 m (B.). 


kK 1686 human radius j . 
K 2240 human tibia level nearly IV, but uncertain on account of the inundation. 
K 2468 human ulna \ 

Determination of the shells by Dr J. WILFRID JACKSON, Manchester Museum, and 
Mr KENNARD, F.G.S. 

Depth only noted, if known exactly. 

The description goes from the north to the south. 
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Medicine. — Der Einfluss von Luftdruckvariationen auf das Gehdér bei 
Luft- und Knochenleitung. Von H. A. E. vAN DisHoEck. (Aus der 
Laryngo-Rhino-Otologischen Klinik der Universitat in Amsterdam. 
Leiter: Prof. Dr. A. DE KLEYN.) (Communicated by Prof. A. DE 
KLEYN.) 


(Communicated at the meeting of December 30, 1939.) 


Das Messen des Gehérverlustes bei Luftdruckvariationen im ausseren 
Gehérgang ist bisher nur unvollstandig und allein als ein Unterteil anderer 
Versuche von drei anderen Untersuchern und von uns vorgenommen 
worden. 

POHLMAN und KRANZ1) (1925) untersuchten im allerersten Stadium der 
Audiometrie einige Ohren bei Druckvariationen von —30 bis +30 cm 
Wasserdruck mit Ténen von 128—2048 Schwingungen. G. v. BEKEsy 2) 
(1932) mass bei geringer Druckerhéhung und Druckerniedrigung im 
ausseren Gehérgang die Impedanzzunahme des Trommelfelles und konsta- 
tierte, dass diese der Abnahme der Schallstarke entspricht. Er kommt also 
auf einem anderen Wege als wir?) zu der Ueberzeugung, dass diese 
Schallabnahme nicht durch Druckerhéhung im Labyrinth zustandekommt. 
Ernst Barany 4) fiihrte durch Ausfiithren der TOYNBEEschen Probe bei 
sich selbst eine Luftverdiinnung von unbestimmter Grésse im Mittelohr 
herbei und mass, wahrend er in kleinen Mengen die Luft wieder zutreten 
liess, den Gehorverlust fiir eine Tonhohe von 512 Schwingungen. Auch 
von LUSCHER 5) wurden analoge Messungen, nicht bei Luftdruckvariation, 
wohl aber bei Belastung des Umbo mit kleinen Gewichten von einigen 
Gramm ausgefiihrt. Die Messungen LUSCHERs, bei welchen eine Belastung 
der Pars flaxida mit Quecksilber und Wasser erfolgte, sind anderer Art, 
weil hierbei der teilweise Verschluss des Gehérganges und die Adhasion 
und die Inertie des Tropfens diese Versuche komplizieren. 


Bei Messungen iiber den Einfluss von Luftdruck auf das Trommelfell 
ergeben sich Schwierigkeiten, welche nachstehend genannte Massnahmen 
erforderlich machen. Zunachst darf die luftdichte Verbindung des Druckes 
und der Schallquelle mit dem ausseren Gehérgang keine Stenose verur- 
sachen, da bei allmahlichem Verschluss des Gehdrganges, namentlich 


*) A. G. POHLMAN und F. W. KRANz: Annals of Oto-Rhino-Laryng, Vol. XXXIV, 
Dec. 1926; Vol. XXXV, Marz 1926, Vol. XXXV, Sept. 1926. 

2) G. Vv. BEKEsy: Annalen der Physik, Bd, 13, Heft 1, 1932. 

°) H. A. E. v. DISHOECK: Ned. Tijdschr. v. Geneesk., No. 1, Jan. 1938; No. 28, 
Juli 1939; Arch. f. Ohr- usw. Heilk., Bd. 144, Heft 1/2, 1937; Bd. 146, Heft 1, 1939; 
Bd. 146, Heft 2, 1939, 

*) E, BaraNy: Acta Oto-Laryng, Suppl. XXVI, 1938. 


°) E. LUSCHER: Acta Oto-Laryng, Bd. XXVII, Fasc. 3, 1939. 
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bei Knochenleitung, ganz andere Verhdltnisse entstehen, Daher wurde ein 
Metallrohrchen mit demselben Lumen wie der dussere Gehdrgang gewahlt, 
Dieses Réhrchen wurde mit einem Kautschukkragen versehen, wodurch 
luftdichte Fixierung vorn im Gehérgang moéglich war, Beim Hineinbringen 
dieses Ansatzstiickes wurde die Ohrmuschel nach oben hinten gezogen. 
Auf diese Weise erhalt man schon bei loser Fixierung eine véllig luft- 
dichte Verbindung ohne Stenose. Zu festes Andriicken der Réhre im Ohr 
ist zu vermeiden, da durch Aufschieben der Haut die Bewegungen des 
Trommelfelles behindert werden. 


Um den Einfluss des Unterkiefers auf die Schalliibermittlung konstant 
zu gestalten, wurde wahrend der Versuche ein Kautschukplattchen 
zwischen den Zahnen gehalten. Die Versuche wurden in der Camera 
silenta angestellt, und das nicht untersuchte Ohr wurde zum Ueberfluss 
mittels Oropax verschlossen. 

Die Knochenleitungsversuche sind mit einer einfachen Apparatur anzu- 
stellen. Ueber dem Ohr wird nach dem Vorgange E. Baranys ein Knochen- 
leitungsapparat angebracht. BaraNy hat namlich nachgewiesen, dass die 
Leitung von verschiedenen Stellen des Mastoids stark variieren kann. 
Fir einen bestimmten Ton wurde nun die Gehdrschwelle festgestellt. 
Hiernach wurde nun mittels eines Politzer Ballons (bei gewiinschtem 
positiven Druck) oder fiir den grossen negativen Druck durch Ansaugen 
mit einer Ohrspritze, ein bestimmter Luftdruck in dem Rohrensystem von 
Manometer, Ansatzstiick und ausserem Gehérgang erzeugt. Hierauf wurde 
wieder die Gehorschwelle bestimmt. 

Bei den Luftleitungsversuchen muss sowohl der Druck als der Schall 
durch dieselbe Réhre zugefiihrt werden, sodass auch die Schallquelle unter 
Druck zu stehen kommt. Hierbei ist dafiir zu sorgen, dass die Schallquelle 
nicht durch die Druckveranderungen beeinflusst wird. Dies erreicht man 
dadurch, dass man, bei einem Telephon, die Membran durchbohrt, sodass 
an beiden Seiten derselbe Druck herrscht. Dieses Telephon befindet sich 
in einem luftdicht verschlossenen Trichter, an den man einen dickwan- 
digen Kautschukschlauch befestigt, der den Schall nach dem zu unter- 
suchenden Ohr fiihrt. Ein Seitenrdéhrchen dient dazu, in diesem Rohrchen 
und dem Trichter einen negativen oder positiven Druck zu erzeugen; ein 
zweites Seitenrohrchen fiihrt nach dem Manometer. An das Telephon 
wurde ein Western Electric Audiometer angeschlossen, mit welchem Téne 
von 128—10.000 Schwingungen erzielt werden kénnen. Der Luftdruck 
wurde zwischen + 200 und —200 ccm Wasser variiert. 

Durch Behorchen des Telephontrichters mittels eines Stethoskops 
wurde kontrolliert, ob diese Druckvariationen bis 1/5 Atmosphare von 
namhaftem Einfluss auf die Schallabgabe des Telephons waren. Es zeigte 
sich in der Tat, dass dies ein wenig der Fall war bei einem grdsseren 
negativen Druck als 100 cm. Im Einklange hiermit ergab sich, dass 
Patienten mit einem perforierten Trommelfell ebenfalls nur geringe 
Schallveranderungen wahrnahmen, Die Strahlungseigenschaften des Tele- 
phones 4ndern sich namlich, wenn sich die Dichtheit des Milieus andert. 
Diese Veranderungen sind indessen klein, im Vergleich zu den grossen 
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Veranderungen, die durch die Druckvariationen in der Funktion des 
Uebertragungsapparates eintreten. Es empfiehlt sich aber, bei einem Druck 
iiber 100 cm einer gewissen Fehlerbreite Rechnung zu tragen. 


O AUDIOMETER 


Cee 


Qo 0 9 


Abb. 1. Apparatur fiir Gehdrmessung von Luftleitungsténen bei Luftdruck- 
variationen (Pneumophon). 


Es ist notwendig, erst den Spannungszustand des zu untersuchenden 
Trommelfelles zu bestimmen. Da es Zweck dieser Versuche ist, die Impe- 
danzzunahme bei Spannungsvariationen zu messen, ist es ein erstes 
Erfordernis, dass nicht schon durch Luftresorbierung eine anormale Span- 
nung im Trommelfell vorhanden ist. Gerade durch den Umstand, dass 
POHLMAN und KRANZ eine solche Messung nicht kannten, fanden sie 
mitunter Gehdrverbesserung bei negativem Druck, in anderen Fallen jedoch 
bei demselben Druck Gehorverminderung. 

Die Kenntnis des Spannungszustandes des Trommelfelles bei verschie~- 
denen Mittelohrerkrankungen hat das Pneumophon verschafft. Dieser 
Apparat ist nach demselben Prinzip gebaut wie die Apparatur fiir Luft- 
leitung in Schema I. Es hat sich gezeigt, dass ein normales Ohr den Ton 
am deutlichsten bei einem Druck hért, der zwischen —2 und +2cm 
Wasser liegt. Bei hédherem wie auch bei niedrigerem Druck wird der Ton 
erheblich schwacher. Beim eingezogenen Trommelfell wird der Ton am 
deutlichsten gehért, wenn durch einen negativen Druck, z.B. von —40 cm 
Wasser, im ausseren Gehdrgang das Druckgleichgewicht an beiden Seiten 
des Trommelfeiles wiederhergestellt ist. Ein niedrigerer Druck als —50 cm 
Wasser wurde bisher nie angetroffen. Aus diesem Grunde wurde bei einem 
Ton von 512 Schwingungen erst festgestellt, dass sowohl Druckerhéhung 
als Druckerniedrigung von 3cm Wasser eine Gehérverminderung bewirkte. 


A. Luftleitung. 
1. Positiver Druck. 


In den nachstehenden Kurven ist der Gehérverlust in Decibels bei 
positivem Druck fiir verschiedene Tonhdhen wiedergegeben. 
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Aus diesen Kurven erhellt, dass der Gehdrverlust bei positivem Druck 
sich besonders in den niedrigen und mittleren Ténen geltend macht. Die 


— (LuFTCEITUNG a 


” TONHOHE 
m '0 128 286 Sl2 1024 2048 4096 8i9297H7 
fan) 
O 
w 0 
2 
20 
a0 
= J 
— 
om ne 
uu 20 
= 2 
a 
2d 
a 
us SOWaAS 
oO OR 


Abb. 2. Gehérverlust von Luftleitungsténen bei positivem Druck im ausseren 


Gehdrgang. 


hohen Tone werden nahezu gar nicht beeinflusst. Der Gehérverlust je 
10 cm Druckzunahme ist bei den kleinen Drucken betrachtlich grésser als 
bei hdherem Druck. Ueber einem Druck von 80 cm bis zu einem solchen 
bis 2 m und mehr bleibt die Vonstarke annahernd konstant. Auch von 
POHLMAN und Kraus und von LUSCHER sind Kurven publiziert worden, 
die der Kurve fiir einen Wasserdruck von 20 cm entsprechen. 

Dieser Gehorverlust muss Veranderungen im Mittelohr und nicht intra- 
labyrintharer Druckerhéhung zugeschrieben werden. Durch den Druck auf 
das Trommelfell wird die Impedanz des Uebertragungsapparates vergrés- 
sert, und bei zunehmendem Druck wird das Sperrgelenk von Hammer und 
Amboss fixiert, werden die Gehérknéchelchen zusammengedriickt und auf 
den Steigbiigeln im ovalen Fenster festgeklemmt. In diesem Stadium ist 
eine weitere Zunahme des Druckes von keinem Einfluss. 

Fiir die Uebertragung der hohen Téne ist offenbar das intakte Mittel- 
ohr nicht notwendig; auch durch die fixierte und komprimierte Gehor- 
knéchelchenkette werden diese Tone gut vermittelt. Dies erklart die 
klinische Erfahrung, dass bei einigen Mittelohrstérungen das Gehér fiir 
die hohen Tone erhalten bleibt. 

Die Ziffern aus diesen Kurven kénnen uns klinisch bei der Beurteilung 
einer Taubheit von Nutzen sein. Man darf wohl annehmen, dass der 
Gehérverlust durch positiven Druck auf ein normales Trommelfell dem 
Gehérverlust durch Einziehung durch einen ebensogrossen negativen 
Druck im Mittelohr entspricht. Wenn wir also bei einem Patienten mit 
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dem Pneumophon eine negative Spannung von 50 sem: ey ist der 
Gehérverlust, den wir der Impedanzzunahme zuschreiben diirfen, ae Deci- 
bel. Wenn man nun bei einem Patienten einen grosseren Gehorverlust 
findet oder einen Gehérverlust in den hohen Ténen, dann muss Ca 
anderen Momenten wie Schleimhautschwellungen, Exsudat, Verdickung 
der Fenstermembranen und dergl. zugeschrieben werden. 


2. Negativer Druck. 

In den nachstehenden Kurven ist der Gehérverlust in Decibels bei 
negativem Druck und verschiedenen Tonhdhen wiedergegeben. . 

Der Gehérverlust bei geringem negativem Druck ist erheblich geringer 
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Abb. 3. Gehérverlust von Luftleitungsténen bei negativem Druck im ausseren 
Gehérgang. 


als bei positivem Druck, namlich fiir die mittleren Téne bei 40 cm ungefahr 
10 Decibel. Auch nun sind die niedrigen Téne etwas weniger und die 
hohen Tone nahezu gar nicht beeinflusst. 

Starkerer negativer Druck hat einen anderen Effekt wie der positive 
Druck. Wahrend bei Zunahme des positiven Druckes die Zunahme des 
Gehérverlustes allmahlich kleiner wurde und iiber 80 cm praktisch konstant 
bleibt, findet man beim zunehmenden negativen Druck gerade das Umge- 
kehrte. Von —50 bis —100 cm Wasserdruck nimmt der Gehorverlust 
stark zu, namlich um 25 Decibel fiir die mittleren Téne. Die hdchsten Tone 
werden bei —80 cm Wasserdruck sehr stark vermindert, wahrend dies 
fiir die mittleren Tone erst bei 140 cm der Fall ist. 

Wenn das Ansaugen des Trommelfells gleichmassig geschieht, ist dieser 
Prozess véllig schmerzlos und ungefahrlich. Ein Pilot, der bis auf 1400 m 
steigt (mit Tubaverstopfung) hat dieselbe Trommelfellspannung, 
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Die Erklarung des Gehérverlustes bei geringem negativem Druck muss 
ebenfalls wie bei positivem Druck in einer Vergrésserung der Impedanz des 
Trommelfells gesucht werden, Der Unterschied aber besteht darin, dass 
bei positivem Druck die Gehdrknéchelchenkette bald ganz immobilisiert 
wird, mit einem bedeutenden Gehérverlust, wahrend bei geringem 
Ansaugen die Funktion der Gehérknéchelchen nur wenig gestort wird. 
Wenn jedoch bei zunehmendem negativem Druck die Gehoérknéchelchen- 
kette und das Hammer-Ambossgelenk derart gedehnt werden, dass der 
Kontakt unzureichend wird, dann nimmt der Gehérverlust stark zu. 

Der Umstand, dass die Uebertragung der hohen Téne bei einer Dehnung 
der Gehérknéchelchenkette gestért wird, beweist, dass diese Téne fraglos 
des unversehrten Uebertragungsapparates bediirfen, Diese Tone pflanzen 
sich bei Luftleitung offenbar langs den Gehérknéchelchen und nicht, wie 
wohl angenommen wird, durch die knécherne Wand des Mittelohres und 
der Labyrinthkapsel fort. 

Bei den hohen Toénen iiber 2000—3000 Schwingungen vibriert der 
Schadel und das Trommelfell nicht mehr als Ganzes, sondern treten Unter- 
verteilungen ein. Diese molekularen Schwingungen werden offenbar von 
der komprimierten Gehérknéchelchenkette sehr gut iibertragen, doch schon 
bei geringer Verminderung des Kontaktes durch Dehnung wird die Ueber- 
tragung stark gestort. 

In der Praxis kommt ein Ueberdruck im Mittelohr, dessen Gehérverlust 
also dem negativen Druck von Tabelle 2 entspricht, allein bei Piloten, 
die schnell steigen, bei Dekompression von Caissonarbeitern und nach 
Politzeren oder Katheterisieren vor. 


B.  Knochenleitung. 

Durch die obengenannten, von POHLMAN und KRANZ, sowie von Anderen 
angestellten Untersuchungen ist nachgewiesen, dass das Mittelohr bei 
Knochenleitung eine Rolle spielt. Da wir, durch das Verdndern des 
Druckes auf das Trommelfell, imstande sind, die Mittelohrkomponente 
gesondert zu beeinflussen, kénnen wir uns iiber die Bedeutung dieses 
Faktors naher orientieren. Es zeigt sich, dass das Schallquantum, das 
langs des Mittelohres das Labyrinth erreicht, ziemlich gross ist. Der 
Gehorverlust durch die Druckvariationen ist bei Knochenleitung ungefahr 
ein Drittel bis die Halfte des Gehérverlustes bei Luftleitung. 

Wahrscheinlich erreicht also die Schallergie das Labyrinth in einer 
derartigen Verteilung des Gesamtquantums, dass zwei Drittel auf die 
Knochenleitung und ein Drittel auf Resonanz und Verstarkung im Mittel- 
ohr entfallen, Dieser letzte Teil erfahrt den Einfluss der Druckveran- 
derungen im ausseren Gehdrgang in derselben Weise wie bei der Luft- 
leitung. Auch bei Knochenleitung zeigt sich, dass die niedrigen Téne und 
die mittleren Téne am starksten beeinflusst werden. Positiver Druck hat 
auch hier einen grésseren Effekt als negativer Druck. 

Bei Knochenleitung und zuweilen auch bei Luftleitung kann man fiir 
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die hohen Tone einen deutlichen Gehérgewinn konstatieren. Diese merk- 
wiirdige Erscheinung kann vielleicht der Fixierung der Steigbiigel im 
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Abb. 4. Gehérverlust von Knochenleitungsténen bei positivem Druck im ausseren 


Gehérgang. 
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Abb. 5. Gehérverlust von Knochenleitungsténen bei negativem Druck im ausseren 
Gehérgang. 


ovalen Fenster zugeschrieben werden. Die Kompression der Labyrinth- 
fliissigkeit durch das Fibrieren der Wand, wird beim Vorhandensein einer 
schmiegsamen Ausweichmembram eine starkere Strémung verursachen als 
beim Vorhandensein zweier Ausweichmembranen. 


lta a 


Die Méglichkeit, durch Ansaugen des Trommelfelles die Funktion des 
Uebertragungsapparates grossenteils zu unterbrechen, kann vielleicht 
klinisch fiir das Messen der absoluten Knochenleitung, nach einer Otitis. 
bei Otosklerose oder nach einer Labyrinthitis von Bedeutung sein. Die 
Kurve fiir —140 cm Wasserdruck aus Abb. 5 kann in diesem Falle als die 
absolute Knochenleitungskurve fiir das normale Ohr betrachtet werden, 
und erst ein grésserer Gehorverlust darf dann einer Labyrinthlasion zuge- 
schrieben werden. Dieses Verfahren verdient m.E. den Vorzug vor der 
von CLEMINSON und HALLPIKE 6) angewandten Methode fiir absolute 
Knochenleitungsbestimmung. Diese Untersucher vergleichen namlich die 
Knochenleitung des verschlossenen Ohres des Patienten und des Arztes. 
Da bei dem verschlossenen Ohr auch noch die Resonanz, die Rolle, die 
das Mittelohr spielt, verstarkt, ist diese Methode unzuverlassig. Bei 
beiden Methoden wird die Maskierung durch Gerausch in gleichem Masse 
umgangen, 

Die Erscheinung, dass bei grésserem negativem Druck die Uebertra- 
gung, vor allem der hohen Tone, durch Dehnung des Hammer-Amboss- 
Gelenkes gestért ist, erdffnet vielleicht die Méglichkeit, unsere Kenntnisse, 
auch tiber dieses Gelenk, zu erweitern. Der, zum Hervorrufen dieser 
Erscheinung, benétigte Druck kénnte namlich bei Patienten mit Mittelohr- 
prozessen, bei Arthritis u. dergl. vielleicht als Mass fiir den Grad der 
Versteifung oder Erschlaffung dieses Gelenkes dienen. Eine Untersuchung 
in dieser Richtung wird noch angestellt werden. 


Zusammenfassung. 


Es wird der zu verschiedenen Trommelfellspannungen gehérende Gehor- 
verlust angegeben. Diese Spannung kann mit dem Pneumophon gemessen 
werden. Findet man bei einem Patienten einen grésseren Gehorverlust als 
diesen Werten entspricht, dann muss eine Komplikation angenommen 
werden. : 

Eindriicken und Ansaugen des Trommeifelles ergibt bis zu einem posi- 
tiven und negativen Druck von 80 cm Wasser allein fiir die niedrigen und 
mittleren Tone bis zu 2000 Schwingungen Gehérverlust. Die hohen Tone 
werden auch durch die (durch + 200 cm Wasser) stark komprimierte 
Gehorknéchelchenkette ungestért iibergefiihrt; doch bei einem grésseren 
negativen Druck als 80 cm Wasser wird die Uebertragung dieser Téne 
stark gestért. Dieser starke Gehérverlust tritt fiir die niedrigen Téne erst 
bei —140 cm Wasser auf. Vermutlich beruht diese Stérung auf Luxierung 
des Hammer- und Ambossgelenkes. 

Bei positivem Druck im ausseren Gehérgang ergibt zunehmender Druck 
immer geringe Zunahme von Gehdorverlust. Ueber 80 cm Wasser nimmt 
der Gehérverlust nicht mehr zu. Bei kleinem negativem Druck ist der 


6) _C, S, HALLPIKE: Journal of Laryng. and Otology, Vol. 45, Jan. 1930. 
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Gehorverlust geringer als bei positivem Druck. Bei Zunahme der Ansau- 
gung wird aber auch die Zunahme des Gehdrverlustes eine immer starkere. 

Bei Knochenleitung ist der Gehérverlust durch Eindriicken und Ansaugen 
ein Drittel des Gehorverlustes bei Luftleitung. Die Gehorverlustkurven bei 
Knochenleitung sind denjenigen bei Luftleitung analog. Bei den hohen 
Ténen ergibt sich ein Gehérgewinn von 5—10 Decibel. 

Durch Ansaugen des Trommelfelles kann somit die Funktion des Ueber- 
tragungsapparates nahezu ausgeschaltet werden, sodass unter diesen Um- 
stinden die ,,absolute Knochenleitung’” bestimmt werden kann. Der 
negative Druck, der erforderlich ist, den Luftleitungston zu unterbrechen, 
kénnte vielleicht ein Mittel sein, Verwachsungs- und Versteifungsprozesse 
des Hammer-Amboss-Gelenkes zu diagnostizieren. 


Anthropology. — Contribution to the anthropology of the Netherlands. 
By H. J. T. Bijumer. Including the further elaboration of the Blood 
group research in Holland, commenced in 1926 by the late M. A. 
VAN HERWERDEN. (Communicated by Prof. M. W. WorERDEMAN 
in the name of the Anthropological Committee of the Academy.) 


(Communicated at the meeting of December 30, 1939.) 


Introduction. 


As it is nine years since the late Dr. MARIANNE VAN HERWERDEN, well 
known among biologists, presented the first report on the blood group 
investigation in Holland, it is certainly not out of place to recall to mind 
that, in the year 1926, the famous anatomist Louis BOLK, on behalf of the 
Royal Academy of Sciences at Amsterdam, inaugurated the Anthropo- 
logical Commission, the biochemical section of which was placed under the 
guidance of the first-mentioned scientist. Under her direction the blood 
groups of some 25000 persons from all parts of the country were studied; 
moreover, data on the pigmentation of eyes and hair were gathered. The 
blood samples were collected with the aid of local physicians and a 
biologist, Miss W. KEErRS, and in collaboration with several students. All 
samples were sent to the laboratory of Dr. VAN HERWERDEN, who examined 
them with the assistence of Mrs. Tu. J. BOELE-NIJLAND. The centralizing 
of this examination at one and the same spot, and carried out by the same 
persons by one and the same method, is greatly in favour of the reliability 
of the research. 

Up to the present three parts of the investigations have appeared in the 
press. In 1930 Dr. VAN HERWERDEN and Mrs. BoELE-NIJLAND published 
the Investigation of Blood Groups in Holland, containing the results of the 
examination of 3085 students, mainly from the Universities of Utrecht and 
Delft, both obtaining their pupils from all over the country. In 1932 
Dr. C. P. J. PENNING, together with both the ladies just mentioned, wrote 
his Blood Group Investigation in the Over-Veluwe (Harderwijk and 
surrounding districts), embracing the results from 1074 people, and in 1933 
Dr. FLoris Hers, like the former a local physician, published the Blood 
Group Investigation in the Hoeksche Waard. Then, in the early part of 
1934, the work was suddenly interrupted by the sad and unexpected death 
of Dr. MARIANNE VAN HERWERDEN, the soul of the research. Happily the 
collecting of the material had been finished, and the extensive card-system 
was after, as before, the death of Dr. VAN HERWERDEN, compiled with the 
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utmost care by Mrs. BOELE—NIJLAND. The present author, at the request 
of the deceased, undertook to complete the further elaboration of the 
material. Various other occupations, one of which was an expedition to 
the pygmy-Papuans of Central New Guinea in the years 1935—36, 
interrupted the work, but finally he succeeded in bringing the investigation 
to an end with the valuable assistance of Mrs. C. BI|LMER-WEPSTER, who 
did the immense tabulating and cyphering necessary to ascertain the few 
simple figures that appear in this paper. I am fully aware of the fact that 
this study has been carried out on a more modest scale than it would have 
been, had Dr. vaN HERWERDEN been able to accomplish it herself. 
I dedicate it to her in grateful remembrance. 


The technique has been described in the first-mentioned paper. It may 
suffice to state that the blood was collected in small tubes, filled with 
0.5 cc of a solution of 1 % sod. citrate in saline solution, with the addition 
of 0.1 % superol to preclude infection. 

Agglutimation was tested on slides: a tiny drop of the diluted blood 
suspension being added to a larger drop of haemotest. Every test was 
executed twice, and if necessary controlled by a loupe with 10 
magnification. 

My sincerest thanks are due to the many physicians and students who 
did the troublesome work of getting into touch with the people who had to 
offer a drop of their blood, as also to the last-named, without whose 
willingness this research could not have been accomplished. 


The Distribution of Races in the Netherlands, 


It has long been known that the Netherlands are inhabited by a rather 
mixed population. One of the generally accepted reasons for this is that 
this country is situated on the border line of two of the principal races of 
Europe, the Nordics and the Alpines. Dinarics and Mediterraneans will 
not have participated in the formation of the people. This, at least, was 
the opinion of one of their outstanding anthropologists, the late Prof. BOLK 
who, in general, agreed with the opinion put forward in RIPLEY’s book The 
Races of Europe, which is still fairly current. 

Let us for a moment survey the ancient history of the country. No 
remains of Homo Neanderthalensis have been found in its soil, nor bones 
of obviously palaeolithic times, but of both the old neolithic cultures that 
were present at the dawn of Europe's history, viz. that of the dolmen 
(““hunnebedden’”, giant graves) and that of the roundbarrows, the traces 
have been discovered. We are still ignorant of the varieties of mankind to 
which those cultures must be attributed, and science is not even perfectly 
sure that those varieties are of the Caucasian race. The (possibly) mongo- 
loid Laps of to-day in the North and the negroid Grimaldi men of the 
past in the South, necessitate reckoning with the possibility that the 
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white man has not always been the unchallenged master of the continent 
that he at present calls his own. 

In any case the two prehistoric varieties of neolithic inhabitants of 
Europe have left their traces in the diluvial sands of the Dutch country, 
and if they might happen to turn out to be a long-headed (dolmen) and a 
round-headed (barrows) sub-race of the Caucasian stem, then we shall 
have to assume that even in those ancient times the basis for the present 
mixture had been already laid. Skull material is scarce, but two of the 
oldest specimens found are a hyperbrachycranic skull at Rykholt (Lim- 
burg) and a dolichocranic one that was recently brought to light at Hengelo 
(Overijsel). The latter may not be termed neolithic: it is probably meso- 
lithic or even palaeolithic. 

‘We may take it for granted that the Romans at the mouth of the 
Rhine struck upon the tall fair race of the Nordics, in these regions 
consisting of Germanic tribes. A couple of centuries before, on the frontier 
of their own Empire, they had made the acquaintance of those other 
barbarians, the Gauls, who were also of Teutonic breed, at least as regards 
their appearance. These Gauls even invaded the empire and plundered 
the capital. As some of their culture reminds us of the East, and their 
original territory must have reached as far as the coasts of the Black Sea, 
we have to consider whether also some Asiatic element might have been 
present in their physical aspect. Those Gauls are occasionally denominated 
Celts, and the name Celto-Slavic Race is evidence that anthropology 
sought to identify the Gauls with the early Alpines, since both these names 
are used as synonyms. We have reason to suppose that there has been at 
least a certain amount of admixture of pigmentation and round-headedness. 
It may also be that these Gauls were brachycephalic of themselves. 

The Gallic culture, of the Hallstatt type, is found in the Netherlands 
south of the Rhine and Meuse, and it is believed that Gallic tribes pene- 
trated thus far north during the Roman occupation. 

Batavians and Frisians, Germanic tribes from the middle Rhine or there- 
abouts, conquered by the Romans in 50 B.C., were put on guard in the 
estuary of the Rhine against the barbarians who lived in the north of it. 
Originally barbarians themselves, but, pacified by the Romans and trans- 
formed into their allies, they were as a matter of fact more Nordic than the 
Gauls, who for centuries had undergone the influence of the South. 

North of the Rhine the Netherlands were at that time inhabited by 
“untamed” Germanic tribes to whom, some centuries after the birth of 
Christ, the name of Saxons is usually applied. It was tribes of those Saxons 
who in the fourth century crossed the North Sea from its eastern shores 
to those of Britain, and who are commonly considered as pure Nordics. 

The Saxons held their territory until the beginning of the Middle Ages, 
not indeed because of their strength, but because of the little importance 
of their country, which did not rouse the greed either of the Romans, 
or of the Franks who came after them. 

see 
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The Franks possessed a culture evincing oriental influence, and evidently 
related to that of the Goths, who had established themselves in south-west 
Europe. It is supposed that the Franks originated from the same regio 
fransrhenana, from whence barbaric Teutons used to come and fight the 
outposts of the Roman army. And, like many of their predecessors (e.g. 
the Batavians), they ended their adventures by settling down in the Gallic 
province of the Roman Empire. Their chieftains rose to power as that of 
the Romans declined, and after the breakdown of the Empire they became 
masters of the Gallic land as far as the borders of the Rhine. Also the 
Franks must be considered as originally Nordics, but romanized, be it to a 
lesser extent than the Gauls. It was not till the ninth century that they 
obtained a firm footing in the Saxon districts north of the Rhine, and in 
the same time they gradually drove back the Frisians who, after the fall 
of Rome, had moved south along the coast of Holland as far as the islands 
of Zeeland. The Frisians had to retire to the extreme north, the Frisian 
province (Friesland) of to-day. 

This is, briefly, the early history of the Netherlands. Therefore we have 
to reckon with a preponderance of Frisian blood in the north-west, Saxon 
blood in the north-east and Frankish blood in the south. Three different 
strains, but varieties of the Nordic race, all of them. Moreover, there is 
a possibility, mentioned above, that Celtic Gauls occupied part of the 
south before the penetration of the Franks. But here we have to remember 
that Celtic and Nordic are probably only gradations of Nordicism. Also 
the ancient Gauls were called blond giants by the Romans, and those 
Celts cannot be identified with the Alpines who now populate the centre 
of France and the adjacent parts of central Europe. 

The brachycephaly, so typical of the Celto-Slavs of to-day, had been 
already in Europe for thousands of years. It was characteristic of the 
Lake-dwellers of Switzerland, and possibly of the Beakerfolk and some 
of the tumuli-builders. Were these brachycranic Caucasians similar to 
those we know at present as peoples of the Caucasus? Indeed the typical 
culture of these neolithic round-heads radiates from the shores of the 
Black Sea. Were they Alpines or Dinarics? We are not sure. But we know 
that the prehistoric brachycephals, and these, judging by the skulls, of both 
varieties, reached from Asia to the North Sea and even to Great Britain. 

Thus, if we find that in the Netherlands the population consists of an 
odd mixture of dolicho’s and brachy’s, we need not necessarily fall back 
upon the Gauls or Celts. There is the possibility that brachycephaly is of 
a much older date. 

When, at the beginning of this century, BOLK took up the anthropo- 
logical investigation of the Netherlands, he examined next to the form of 
the head also the pigmentation. He disclosed the astonishing fact that 
pigmentation increases towards the south, but brachycephaly towards the 
east. However, that is what we see in Europe from prehistoric times until 
now! Brachycephaly radiates from Asia, and affects the Slavs and Baltic 


ay, 


peoples on their northern, as well as the Alpines on their more southern 
routes through Europe. In how far this round-headedness is originally a 
mongoloid trait may be left to discussion; in any case real Mongols in 
historic times added their influence to prehistorical conditions, the Huns 
invading Europe as far as the Elbe. The figures of the cephalic index in 
the Netherlands have been added to Table I. 

On the other hand, pigmentation proceeds evidently from the South. 
We might say, brachycephaly is an oriental, pigmentation a meridional, 
character. BOLK accredits the Alpines with the round heads as well as with 
the pigmentation that he found in the Netherlands. NyESsEN, 1925, quite 
rightly found this difficult to accept. Conditions in our eastern provinces 
constitute indeed a considerable objection. NYESSEN is of opinion that the 
index in question, viz. + 81, so strictly mesocephalic but quite near the 
lower border of brachycephaly (81.5), is characteristic of the Saxons of 
to-day. Nevertheless he sees in the Saxons a variety of the Nordic race. 
In fact this stands to reason more than BOLK’s conception of “blond 
Alpines”. Why should the pigmentation, considered by BOLK as a 
conspicuous proof of Alpine blood south of the Rhine, have disappeared 
north of that river? 

As for that pigmentation, it appears to me that the question is not so 
difficult to explain. There proves to be a rather sharp boundary between 
blond and brunette, formed by the Rhine and Meuse. But there was once 
the frontier of the Roman Empire! It was as far as that, that once Gallic 
culture flourished; it was as far as that, that afterwards the land was 
penetrated by the Franks. 

But this implies that it was up to the Meuse and Rhine that Romanisation 
reached, and with Romanisation meridonal influence! The pigmentation 
was brought directly by the Romans, and indirectly by more and more 
romanized Gauls and Franks! And that the brachycephaly in the South 
scarcely exceeds that of the North-east proves that Franks and those earlier 
Gauls, or Celts, were more like meridionalized Nordics than Alpines, as we 
know them at present from the central highlands of Europe. 

There is one phenomenon that needs closer attention. The old Frisian 
skulls have been found to be almost uniformly dolichocranic (Ind. cran. 74). 
And a set of 35 skulls from the towns of Reimerswaal and Saaftingen, 
in Zeeland, disastrously flooded and swept away from the earth in the 
fifteenth century, were distinctly brachycranic, with a mean of 85. The 
ranges of distribution did not even overlap each other. The modern 
Zeelanders do not exhibit that former index any longer, but are actually 
still slightly more brachycephalic than the inhabitants of North and South 
Holland, though not so much as the inhabitants of the eastern provinces 
of the Netherlands. But in contradistinction to the latter, they show a 
marked degree of pigmentation. Although they correspond in this quality, 
as in the cephalic index, with the inhabitants of the “Frankish” provinces 
of Brabant and Limburg, they show a great difference in outward 
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appearance and mental characteristics. Certainly the latter provinces are 
more like what we are used to call Alpine. Thus we come to think of the 
possibility that those ancient Zeelanders may have been of that race of 
prospectatores (FLEURE), that square-faced, broad-headed, tall, dark breed 
of exploring seafarers, pushing from their homes in the eastern Mediter- 
ranean along the southern and western shores of Europe up to the coasts 
of the North Sea. 

It is said that before them the Mediterraneans had already crept up from 
the South as far as England. In this connection it is worth mentioning that 
along the coast of Holland groups of brown-eyed people are scattered 
amidst a population of Frisian extraction, this time, however, with a 
more pronounced dolichocephalic index. 

The Mediterraneans are thought to have played yet another part. The 
tale goes that a considerable influx of Spanish blood took place during 
the occupation of Walcheren by the Spaniards in the so-called Eighty 
Years’ War in the 16th century. Although some investigators do not 
agree with this supposition, others (DE MAN) hold to this possibility, 
especially on the strength of the fact that, in Walcheren, dark hair is 
often found combined with dolichocephaly. A belief in the Spanish influence 
is so profoundly rooted in the local traditions that the so-called Spanish 
descent was mentioned several times during the recent blood-grouping by 
the persons investigated. 

The territory of the Netherlands is but small, yet its anthropological 
problems are intricate. And that with reason, for its muddy soil happens 
to be situated where one of Europe’s highways, the Rhine, empties itself 
into one of its most important seas! 


Pigmentation. 


Passing on now to the large material of Dr. MARIANNE VAN HERWERDEN, 
we shall dwell first on the pigmentation, as this subject corresponds best 
with the preceding chapter. (See Table I on the following page.) 

The regular diminution of the blue eye-colour. towards the South is 
evident. The figures concur fairly well with those of BOLK, collected a 
guarter of a century previously and taking into consideration that the 
appreciation of the pigmentation was executed without the aid of grades. 

A closer analysis of the results requires attention. Reviewing the various 
components of the four northern provinces, an even distribution over the 
various parts of the district was found. But for Gelderland and North 
Holland conditions proved to be otherwise. The part east of Rhine and 
sel, and closely connected with the province of Overijsel, the so-called 
“Achterhoek”’, appears to contain 78 % blue-eyed against 22 % brown-eyed 
people, and must therefore be brought to the northern group. The same 
holds for N. Holland above the river IJ, inhabited by a population of 
Frisian extraction. However, as mentioned before, we have to reckon here 
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with pockets of a darker population. This holds for some towns and villages 
in West Friesland, where Hoorn and Enkhuizen were famous ports for 
the trade to the Indies in the seventeenth century. Yet I decline to believe 
that, in those olden times, Malay blood crept in to any appreciable extent, 
nor is this indicated by other physical qualities. Other places with a higher 
degree of pigmentation are situated in the dunes on the coast of the 
North Sea. In West Friesland we found for 482 individuals 72 % blue 
and 28 % brown eyes; in Egmond, a village in the dunes, respectively 
72.9 % and 27.1 %. But for the rest, 1397 persons in N. Holland, north of 
Amsterdam, yielded figures of 81.3 % and 18.7 %. Also the fishing-villages 
in South Holland exhibit a low degree of pigmentation; 459 persons had 
79.5 %o blue and 20.5 % brown eyes. Thus it is clear that Holland north 
of Amsterdam — apart from some coastal districts —, and Gelderland 
east of the river TJsel, must be ranked with the four northern provinces. 

The rest of North Holland and the remainder of Gelderland, with the 
province of Utrecht between them, show a stronger pigmentation. The 
number of people examined in these densely populated districts is but 
small, and concerns more especially the inhabitants of the country on the 
south coast of the Zuyder Sea. A total of 1940 subjects, — the 843 of 
PENNING 8) included — yielded 66.5% blue and 33.5 % brown eyes. 
I might allude to PENNING’s figures of 65.7 and 34.3 %, which correspond 
very well with the preceding. 

In the province of South Holland the pigmentation is already stronger. 
Hers *) formerly published part of the investigation. He found for 1560 


*) For the “Achterhoek”, that is the district east of the IJsel. 
2) For Walcheren, 


8) The papers of PENNING and HERS have already been mentioned in the Introduction. 


P21 


persons in one of the South Holland Islands 62.8 % blue eyes. Combined 
with other material we come, for a total of 2245 in South Holland — 
without the big cities and the coast villages of Scheveningen and Katwijk 
— to a percentage of 61.5 % blue against 38.5 % brown eyes. These 
figures approach those of one of the three southern provinces of the 
Netherlands, viz. North Brabant, 2386 inhabitants of which proved to 
have 60.2 % blue, and 39.8 % brown eyes. The adjacent Limburg, the 
most south-eastern and so-called most Alpine province of the Netherlands, 
is slightly more pigmented: of 727 subjects 58.7 % had blue and 41.3 % 
dark eyes, or even 57.4% over against 42.6 % for 575 subjects after 
elimination of 152 people from the mining-district, since they had been 
gathered from various parts of the country. The provinces of South Holland 
and North Brabant together yield 60.8 % blue and 39.2 % brown eyes. 
The number of persons examined in Limburg is too small to furnish 
Statistically reliable figures, but they support the current opinion that the 
population of that province is darker than that of Brabant, though closely 
related. If we combine Limburg with Brabant, as is generally done, we get 
59.8 % blue, against 40.2 % brown eyes, which yields no significant 
difference with the combination Brabant—South Holland. 

It is not without reason that I have dwelt on this situation. For the 
most western of the three southern provinces of the Netherlands, Zee- 
land, appears to have 54.9 % blue against 45.1 % brown eyes. One would 
expect that the pigmentation was highest in the south-east, but it happens 
to be in the south-west! Zeeland is Netherland’s darkest province; with 
45.1 % dark eyes it tops the list. 

Thus, after all, it is only partly true that pigmentation grows stronger 
as one proceeds to the south. It is the north-east that is least pigmented; 
dark hair and eyes have penetrated into the Netherlands from the south- 
east (Limburg), as well as from the south-west (Zeeland). The peasants 
of North Brabant exhibit a rather low degree of pigmentation, so that in 
this respect they hardly differ from the peasants of South Holland. 

The list on page 120, corrected according to the lines as indicated above, 
is as is shown in Table II on the following page. 

We find that the North and East Netherlands form a compact block of 
blue-eyed people. The coast of South Holland (the fishing villages of 
Scheveningen and Katwijk) shows corresponding figures. In the “blond” 
districts, however, are pockets of darker colour, scattered along the coast 
(West Friesland, Egmond, the island of Urk). 

The central parts of the country exhibit a stronger pigmentation. 

The south is the darkest, but there appear to be two different strains 
that furnish the pigmentation, and that at the seaside would seem to be 


the darker. 


In the years 1937 and 1938, when I was Medical Officer charged with 
the examination of recrutes, I had myself the opportunity of making a 
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study of the pigmentation. My researches covered the provinces of North 
Holland, Zeeland and North Brabant. 

I learned very much from this investigation, more especially the way 
how to proceed. In practice I made the following sub-divisions. For the 
eyes I distinguished blue, grey or green, and brown. Properly speaking, 
there is a gradual transition from blue to brown. Green is a mixture of 
the two in equal parts. This green colour is sometimes very fine. In a good 
light a distinct brown film can be seen spread over the under layer of 
blue. As the brown pigment increases, the green gradually passes, via 
light-brown, into dark brown. 

The grey colour of the eyes, although mostly lighter than true blue, is 
undoubtedly also a mixed colour; it results, namely, when only a very thin 
layer of brown covers the blue. This very light brown, almost yellow, 
renders the deep blue lighter, and the result is a grey tint. Remarkably 
enough, grey eyes thus owe their lightness to an admixture of dark pigment! 

Occasionally this is not the case, namely, when the grey bundles of 
connective tissue in the stroma of the iris are so thick as to fade the blue 
to grey. In such a case grey eyes must be ranked with the pure blue eyes. 

There are no eyes without a single grain of brown pigment. In my 
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opinion we need attach no importance to such a single grain. I do not hold 
blue eyes to be an original feature of any particular race; the blue is only the 
lowest limit of the pigmentation of the iris stroma, viz. the total lack of it. It 
is futile to deal with the limit against the next variable as a Mendelian 
character, 

In my opinion we cannot do anything but divide eyes into 1. blue, ice. 
poor in pigment, 2, brown, i.e, rich in pigment, and 3. eyes which hold an 
intermediate position, viz. grey and green. This diagnosis can be made 
by a simple inspection. 

One peculiarity deserves attention. I actually found twice over (in more 
than 3000 cases) a pair of yellow eyes. In both cases the hair was a dark 
blond, so that they were relegated to the brunettes. The pigmentation here 
seems to me to be of an entirely different kind, so that such eyes are not 
to be classed with brown ones. 

I do not advocate the use of artificial colour schemes in these examina- 
tions. The loss of time occasioned is not compensated by the advantage 
gained by the greater exactitude. For the grading pretends to yield an 
exactness which in reality it does not possess. The colour of the eye 
depends to a large extent upon the light falling on it and the grading 
would, therefore, always have to be done in a particular light, which, 
naturally, is not practicable in the examination of large numbers of persons. 
But, apart from this, the colour of the eye depends upon the blood infil- 
tration of the iris, upon the degree of contraction of the muscular elements, 
in short, upon the individual conditions under which the examination takes 
place. The colour varies much the same as the colour of the face. She 
has not her “beau jour” is an expression that has a biological foundation 
and therefore teaches that the value of the colour schemes for the eye 
is illusionary in anthropological field-work. They are of use only in very 
specialised investigations, as, for instance, heredity analysis. 

With respect to the colour of the hair, this is a more difficult question 
than that of the eyes, since here we have not the contrast between blue 
and brown. The range of colour goes gradually from light blond to darkest 
brown, even to black. Any sub-division here into groups is a purely 
artificial one. 

There is one group of persons who make a definite impression of being 
blond, while another with equal definiteness may be termed brunette. But 
in between there is a very large group of “dark blond”. 

Red hair holds a separate place, that is to say, the red tint, dependent 
upon the chrysochrome pigment (BOLK) occurring diffusely in the hair- 
shaft, would appear to be entirely independent of the nigrochrome which 
is found in the hair-shaft in the form of brown granules. This must not 
be taken to mean that the “red” is a group entirely apart from that of 
the “blond to black’. There is very frequently an admixture of a reddish 
tint in the latter that is caused by chrysochrome, and in the “red” there 
is usually an admixture of nigrochrome. So that we cannot do otherwise 
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than classify as ‘“red"’ what manifests itself to the eye as such. Here, too, 
pure red hair is but a limit, and it would be a mistake to made a sharp 
demarcation between it, as a specific variety, and the hair groups of other 
colours which also frequently contain some red. 

The artificial colour schemes for hair, too, are apt to be overestimated. 
In the first place it frequently happens that the hair is not the same colour 
all over the head. Moreover, entirely apart from grey, the colour changes 
greatly with the age (the so-called “nachdunkeln”), so that it would be 
of little use to determine the colour of the hair without at the same time 
taking the age into consideration. Further, the hair colour is not dependent 
upon pigment alone, but also upon moisture and fat, and, finally, upon 
the greater or less exposure to the sunlight. Lastly, it must not be forgotten 
that the colour of the hair is subject to the way the light falls on it. 
As all these factors exercise an incalculable influence, a minute determi- 
nation of the hair colour would be labour lost; it possesses a value solely 
in laboratory research, and in family investigations as to heredity, provided 
special precautions be taken. 

How, then, have we to make distinctions in an examination of the 
population? I have done it according to the complexion. There is plainly 
a connection between fair hair and blue eyes, as can be expected since 
both are the expression of a lesser disposition for pigmentation. 

The groups are as follows: 


I I Ul 
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a. blue eyes a. grey or green eyes a. brown eyes 

fair (blond) hair | dark blond hair dark blond hair 
b. grey or green eyes b. grey or green eyes | b. brown eyes 

fair hair brown hair brown hair 
c. blue eyes c. blue eyes | ‘ 

dark blond hair | brown hair 


d. brown eyes 
blond hair 


To these 3 groups a fourth group was added, containing the persons 
with decidedly red hair, without further classification respective eye colour. 

The persons in I, convey the impression of blond, they are the fair- 
complexioned. Of these only Ia are pure blond. , 

The persons in III are those with the brunette complexion. 

The persons in II are those with the mixed complexion. 

Group I corresponds to the pigmentation of H. Nordicus, group III to 
that of H. Alpinus and H. Mediterraneus. 

We see from Table III that in the whole district of N. Holland examined, 
fair complexions predominate by far, true brunettes being on an average 
but 10%. The distribution of these latter is typical. Whereas in the 


TABLE III 
6 iu 1 i in iy 
Blond complexion | Mixed compl.} Brunette compl. Red 
| Rural districts of N. Holland north | | | 
of the River Y, excl. West-Friesland | 
1057 | 67% = 1.46 (pure bl. compl. 48 %) 24 .09/ 79/9 + 0.79 | 20 0 
| West Friesland, incl. the towns of as ae 
| Hoorn, Enkhuizen and Medemblik 
665 | 62.5% = 1.87 (pure bl. compl. 44%) 24. 59/o | WO se lol | 22% 
| The typical fishing villages of the | 
Zuyder Sea: Volendam, Edam, Mon- | 
nikendam | 
139 | 64% + 4.08 (pure bl. compl. 46.5%) 26.0%) | yp +2.43 | 1/, 
| The island of Urk | 
48 | 438) ==) 7224) (pure blvcontpl. 31.97) | 36 ..00/p 109/p + 4.34 62/9 
| The island of Tessel 
67 | 69% = 5.66 (pure bl. compl. 55 %) | 21.0%p 79/9 + 3.13 32/p 
| The town of Alkmaar | 
197 | 68 % = 3.32 (pure bl. compl. 50%) 18.09/ 110 /jiet= 223 30/9 
The town of Zaandam | 
261 | 64% + 2.98 (pure bl. compl. 48 %) | 22.59/o | 129/y + 2.02 11/29/o 


country districts the percentage is 7 %, this rises at the Zuyder Sea coast 
to 9%, and in West Friesland, which projects like a peninsula into the 
Zuyder Sea, even to 11 %. This increase takes place at the expense of 
a decrease in the pure blonds. The Zuyder Sea island of Urk is the most 
strongly pigmented; although the number of brunettes is not higher than 
that in the places on the coast, the blonds have ceded a great deal of their 
number to the mixed group. The North Sea island of Tessel exhibits 
exactly the opposite extreme, which agrees entirely with the general 
assumption that our North Sea islanders are the purest representatives 
of the H. Nordicus. 

Here we must refer again to the investigations of Dr. VAN HERWERDEN, 
in which the aforesaid Urk occupies an important place. The local phy- 
sician, Dr. Vonk, kindly furnished her with the data. Of 286 persons 
81.5 % proved to have light, and 18.5 % dark eyes, a proportion, thus, 
entirely agreeing with that of the northern provinces. In the colour of 
hair, however, one remarkable fact was seen, namely, that this in 36.1 % 
cases was light blond (including red), and in 63.9 %, dark blond, or black! 
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We thus see that this investigation indicates that the mixed complexion 
is of frequent occurrence in Urk. This peculiarity was a short time ago 
confirmed by Dr. PIEBENGA, who passed several months in the island for 
anthropological research and whose results will be published shortly. 

The two largest towns of N. Holland, north of the River Y, Zaandam 
and Alkmaar, show what BoLk had already determined for an urban 
population, namely, an increase in the number of brunettes. In these two 
cases this is not at the cost of the pure blonds. There was no significant 
difference between the two towns; for the blond complexion it is 4% 
+ 4,46, while for the brunettes the difference is quite immaterial. 

As regards the other differences already mentioned, statistically these are 
in general efficient. Between the rural districts of N. Holland and West 
Friesland there is a difference in the blond complexions of 4144 % + 2.35, 
that is in other words, probable; that in the brunette complexions is 
4% + 1.44, or practically certain. The smaller groups are of value merely 
for orientation. Nevertheless the difference between Urk and Tessel is 
plain; for blonds it is 21% + 9.2, thus statistically very probable; for 
the brunettes the numbers are too small and thereby the errors too great 
to prove the difference statistically. The towns of Alkmaar and Zaandam 
lend themselves better for this purpose; the combined brunette group 
differs from that in the rural districts of N. Holland by 4144 % + 2.25. 


Comparing N. Holland with N. Brabant and Zeeland we obtain results 
as given below. The number of persons available for N. Brabant is but 
small. 
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me | Blond compl. | Mixed compl. | Brun. compl. Red 
he | | 
| | | 

131 | 649/) + 4.20 2207 11.5/g + 2.79 § -2,50/g 
| ale | 
| (pure bl. compl. 5202/5) | _ (incl, 2. 30/9 black hair 


The blonds are not less common than in N. Holland, the mixed group 
is not large and only the brunette group is rather numerous and equals 
that of the dwellers on the coast of the Zuyder Sea. The difference with 


the rural districts of N. Holland is in this group 414 % ++ 2.91 and thus 
not quite consistent. 


In Walcheren, the principal island of Zeeland, we see a different 
distribution. (See Table IV on the following page.) 

Thus in Zeeland we notice a distinct augmentation in the number ot 
brunettes to nearly 20 %, accompanied by a marked decrease in the number 
of blonds. N. Brabant is much more in accordance with Holland, which 
agrees with the figures collected by Dr. vAN HERWERDEN. The differences 
between Zeeland and the rural districts of N. Holland are 13 % + 2.59 for 
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TABLE IV 
7 I I | il | IV 
| Blond compl. Mixed compl., Brun. compl. | Red 
| 
Walcheren | | | 
141 52% = 4.21 (pure bl. compl. 38 %) 27 .59/ 199/) + 3.30 1.52/ 


incl, 4,29/p bl. hai 
Middelburg and Flushing (ine /o air) 
195 55.5 + 3.56 (pure bl. compl. 36.5%) 27 . 00/9 169/) + 2.62 1.50/) 
| | | (incl. 4. 19/p bl. hair) | 
Zeeland Flanders | (ine /o air) 


208 54% += 3.45 (pure bl. compl. 37%) | 25.0%) | 199/9 + 2.71 | 2. 00/9 
| | | (incl. 5. 39/g bl. hair) | 
As the differences are trifling we | 


| have taken the Zeelanders together | 


J44, 9) 9455 == 2.14 (pure bl. compl. 37 %) 


26.5%) 1780/9 + 1.64 | 1.72%/o 
| (incl. 4. 52/o bl. hair) | 


the blonds and 10.8 + 1.83 for the brunettes, which leaves no room for 
doubt. 

As will be known, a small percentage (+ 2%) of red hair is found 
spread over the whole country. It would seem to be slightly less frequent 
among the people of Zeeland, which may be due to the fact that the 
red tint will be overspread more often by the brown pigment. It is worthy 
of note that BOLK also found a low percentage for Zeeland, viz. 1.8, as 
against 2.45 for the rest of the Netherlands. 

Likewise the data of Dr. vAN HERWERDEN bring out the low percentage 
of red hair in the islands of Zeeland. Of 1919 individuals a percentage 
of 114 were red, whereas in Zeeland Flanders, which, as will appear 
from the ratios of the blood groups, are the nearest to the Dutch lowlands, 
214 % (1000 ind.) were red-haired. 

My own percentage of about 2 for the various groups examined is an 
arbitrary one; it may be much higher if sandy hair be counted together with 
the red. It agrees very well with the percentage from Dr. VAN HERWERDEN’S 
material. There, of 17170 persons from all parts of the Netherlands, 
354 or 2.06 % + 0.12 were found to have red hair. 

That the hair in Zeeland is of a darker kind than in the provinces of 
N. and S. Holland is also evidenced by the greater frequency of black 
hair. Black is not a colour of itself, but is the furthest limit of brown and 
dark blond. In N. Holland, north of the River Y, black (in our Tables 
included in “brown’’) occurs in about 1 %, in the Zeeland groups, on the 
contrary, in 4 % to 5 %. For the rural districts of Brabant I noted 2.3 %. 

The colour of the hair of the head often differs from that on the 
privy parts. The latter is sometimes darker, and on fair-haired persons 
may be brown. I have also seen it dark blond together with decidedly 
brown hair on the head and brown eyes, thus, with the pure brunette 
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complexion. Such a combination was very clear in the case of a boy with 
Malay blood who had black hair and brown eyes, but distinctly dark- 


blond pubes hair. 


A close comparison between Dr. VAN HERWERDEN’S figures and my own 
is not possible. It is obvious that where in the first case a distinction is 
made between blue and brown eyes only, the grey and green eyes will be 
divided over the blue and brown. I presume that in N. Holland the com- 
bination of grey with dark-blond was very frequent, and that about 
half of the ‘mixed’ group got included in that of the blue-eyed. The 
brown colour thereby yielded a percentage of 20 %. In Zeeland the darker 
pigmentation (green eyes) of the mixed group would seem to have shifted 
these almost entirely to the side of the brown-eyed; as a matter of fact 
the subjective opinion of the observer will also have played no small part. 


I did not go into Dr. VAN HERWERDEN’s material in the matter of 
the hair. Four groups were made: black, dark blond, blond and red. 
Above I have already explained what circumstances may mislead us in 
determining the colour of the hair, so that, if the grouping be performed 
by an inexperienced person, the results are less reliable. Moreover, while 
the line of demarcation between black and dark blond is already difficult, 
that between dark and light blond is of value only if the investigation be 
carried out by one and the same person. As scores of persons without any 
anthropological experience had assisted Dr. VAN HERWERDEN with her 
vast material, it is obvious that the strange disparities in the results do not 
present sufficient reliability to merit being registered. This is less so with 
respect to the colour of the eyes, for which reason I have made use of 
them where they were the large groups, as in the provinces. 


From the description of the pigmentation in the Netherlands it appears 
that blond complexions predominate markedly in the north-east, but are 
in the majority also elsewhere. The brunette complexion plays a part of 
some importance, especially in Zeeland and Limburg. We may deduce 
from this, in concurrence with NyESSEN, that the Netherlands on the 
whole belong to the domain of the Homo Nordicus. This is in agreement 
with the Index Ceph. = 80.32 of 10.000 Dutch, varying from 79.6 to 81.5. 
The slight increase in the index, as has been shown, does not take place 
from north to south, but rather from west to east. The lowest index was 
found, for instance, on the Dutch North Sea coast (South Holland 79.6, 
the island of Walcheren (Zeeland) 79.9); on the other hand, besides 
N. Brabant, an index higher than 81 occurs in Groningen, Drente, Overijsel 
and the eastern part of Gelderland. 


The brunette Walcheren, thus, appears to be anything but brachy- 
cephalic, nor does Zeeland considered on the whole (Ind. ceph. 80.8) 


, 


* 
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nor Limburg (80.6). The Alpine element must, therefore, not be overrated 
for the south of the Netherlands. Nevertheless, it may have had some 
influence locally and temporarily. Here I may refer again to the brachy- 
cephalic skulls of the submerged towns of Zeeland. According to BoLk 
and VAN DEN BROEK, these are Alpine skulls, but they can hardly be held 
to have anything to do with the Walcheren of to-day, and the late Dr. 
DE Man, an expert on the anthropology of Zeeland, came to the conclusion 
that the population of Walcheren, at the time of that great flood, must 
have been other than in the more easterly districts. 

The strong pigmentation of the Zeeland islands, and that of various 
places on the coast of the Zuyder Sea, support the theory above-mentioned 
that a dark seafaring people crept up along the West European coasts. 
That we find mid-Netherland more strongly pigmented than the Frisian 
and Saxon regions, is probably to be ascribed to the circumstance that here 
we are in the region of the large rivers where the old Roman settlements 
lay. Added to which, the province of South Holland at that time lay still 
south of the Rhine estuary, and was thus also open to the Romanizing 
influence, 


The Blood Groups. 


The material was gathered under the auspices of Dr. MARIANNE VAN 
HERWERDEN and tested in her laboratory with the assistance of Mrs. 
BOELE—NIJLAND. 

Altogether 21140 individuals were tabulated. Thousands of the blood 
tests made were rejected because the spenders proved to be closely related; 
the material was sifted as carefully as possible. As the investigations in 
general, as well as those already published by Dr. vAN HERWERDEN and 
her collaborators in particular, have adequately proved that there is no 
difference between the blood groups of men and women, sex has been 
disregarded in this research. 

From the extensive material, put at my disposal, the following results 
have been calculated. 


The distribution of the blood groups of the whole of the Netherlands is: 


ih, n. @ a B AB 
21140 46.5°/,+0.34 42.39, + 0.34° 8.3°/, 40.19 2.99/,+ 0.11 
00.2 p=—26.0 G== 556 


Compared with the result of the students’ examination in 1930: 
ie n. g A B AB 


3085 457 yee 0. Ole 412°) 0.89" 9.6°/5 =. 0.53 3-59 /o + 0.33 
T8076 0==2.6 G==0,5 


Proc. Kon, Ned. Akad. v. Wetensch., Amsterdam, Voi. XLIII, 1940. 9 
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The difference with I. proves to be of no statistical importance, viz: 
@ A B AB 
0:80), 420:07) 2119/2 0,9 Sng oe 0:56, 0.69/56 22,035 


In the district of Over-Veluwe PENNING obtained the following figures: 


Jin @ A B AB 
873. 47.3%y 1.68 41.0%) +£1.66 7.8°/o + 0.90 40°15 a= 0.60 
P= 08,0 P= 29:0 =) 


The differences with I, are quite immaterial: 


@ A B AB 
8%, 172 12%y se e700 550.02 en Ia gee Oa 


Hers found in the district of Hoeksche Waard: 


Use hse @ Zh B AB 
1591 45.49, 1.25 44.3%) +1.25 7.8% > +0.67 2.5°/) + 0.40 
P= 6/2) D270) q=55 


Neither here are the differences with I. of any importance: 


@ A B AB 
1,195 21.29 .2.0°/, 2 1,29), 0.5°/j 0.70 2 O42 041 
The greatest difference is seen between the series of the Veluwe and 
that of the Hoeksche Waard (III. and IV.). These, however, do not seem 
to be reliable either as statistics: 
D A B AB 
19o fp S21 3.395 22.07 — ei S20 767/ 
From the above it will appear probable that the blood group distribution 


over the Netherlands is fairly equable. We shall test this by the ratios in 
the various provinces. 


We see from Table V that the o group is rather high in the north-east 
provinces (the four first-named; Groningen forms an exception, but, taking 
the standard deviation into consideration, this is immaterial); in the pro- 
vince of Holland the @ is somewhat low. Comparing Friesland with the 
whole of the Netherlands, the differences in o do not yet appear absolutely 


consistent: 
@ A B AB 
5.19/95 te 115 2.0 fo & 1.13 0.6°/9 + 0.62 O32 pet 0.45 
The same may be said of N. Holland as compared with the whole of 
the Netherlands: 


@ A B AB 
2.7°/9 + 0.98 1.7 Fo + 0.98 1.29/) + 0.57 0.29) 9 2 0132 


11S) 


TABLE Vv. 
Provinces n. g | A B AB 
| | | 
Friesland 2053 1018 | 828 | 158 49 
| 49.6% + 1.10 | 40.3%) + 1.08 | 7.7%/) + 0.59 | 2.40/o+ 0.34 
Groningen ) abaltey | Sy) 56 Hf 4 
| | 43.72%/y + 4.54 | 47.1%) + 4.56 | 5.9%) + 2.16 | 3.3/4 1.64 
| | | | 
Drente 389 | 229 128 21 11 
| | 58.909 + 2.49 | 32.90/9+2.38 | 5.4/) + 1.14 | 2.80/)+0.84 
| | 
Overysel | 1766 865 711 146 44 
49.00) + 1.19 | 40.3%/9 + 1.17 | 8.3% + 0.66 | 2.59/) +0.37 
Gelderland | 2854. 1305 1262 | 214 | 73 
| | 45.70/9 +0.93 | 44.209 +0.93 | 7.5% + 0.49 | 2.6% + 0.30 
| | 
Utrecht 335 159 148 | 22 6 
| 47 50/9 + 2.73 | 44.209 +2.71 | 6.60% + 1.35 | 1.8%) +0.73 
N. Holland | 2918 1278 1284 276 80 
43 .80/) + 0.92 | 44.0%) + 0.92 | 9.5%) + 0.55 | 2.72/) + 0.30 
S. Holland | 2869 1281 1249 251 88 
| 44.60/) + 0.93 | 43.5%) +0.92 | 8.7%) + 0.53 | 3.19/)+0.32 
Zeeland | 2919 1371 1162 289 97 
| 47 02/9 + 0.92 | 39.80/9+0.90 | 9.9%) + 0.55 | 3.3%) +0.33 
Nee Brabant 1/2403 1108 1045 168 82 
46.10) +1.02 | 43.5%/9+1.01 | 7.0% + 0.52 | 3.4%) + 0.37 
Limburg 753 340 309 67 38 


4520/9 + 1.81 | 41.0% +1.79 | 8.9% + 1.04 | 5.0/,)+0.79 


If, however, we take the whole of north-east Netherlands together 
(4 provinces): 
N. E. Netherlands 
n. g A B AB 
4327 ~5010°75220:76  39.8°/5 = 0.74 7.7°}9 += 0.40 2 Ooi Ot 


and the provinces of N. and S. Holland: 
N. and S. Holland 
ne g A B AB 
5787 = 44.29/, + 0.65 43.8°/) + 0.65 Qe ye Oko) 2.9°/5 + 0.24 


the difference is: 
g A B AB 
5,89/ + 1.0 4.0°/5 += 0.99 1.4°/, + 0.56 Oe 0.34 


We see that N. and S. Holland have a consistently higher A and a fairly 
Q* 
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probable consistent higher B, whereas the north-east provinces have a 


definitely higher @ group. 
Further, the differences with the whole of the Netherlands also appear 


consistent now: 


ia) A B AB 
of N. E. Prov. 254.083 2525082 0.625044 0 4220-20 
of N. and S. Holland 2.3+0.73 15+0.73 08+0.43 r= 


in so far as the o of the N.E. provinces is high, their A is low and the o of 
N. and S. Holland is low, while the A and B are on the high side. 


If, now, we take Gelderland as an example of the mid-Netherlands 
(Utrecht had better be left out of consideration, as its western part joins 
the Holland lowland and the eastern part the Gelder hills) we shall see: 


Gelderland 
n. o A B AB 
2854 45.79/, + 0.93 44,29], + 0.93 1 gteO49 2.6°/9 += 0:30 


The differences with N.E. Netherlands are: 


g A B 7a 
4,3°/, 1.2 Cease Ne) 0.2°/) + 0.63 0.1°/5 + 0.38 
and with N. and S. Holland: 
g A B AB 


1.5% 41.14 0.4% 41.14 1.6% )420.63 0.3%, + 0.38 


These last are not consistent, although the B of Holland is probably 
higher than that of Gelderland and, therefore, approaches nearer to that 
of the N.E. provinces. As regards @ and A, Gelderland is definitely on 
the side of the Holland provinces, and differs from the N.E. provinces. 


With respect to the three southern provinces, we shall take Zeeland 
separately on account of its special nature. The two other provinces, 
N. Brabant and Limburg, appear, as is also the case with Gelderland, to 
agree with the average for the Netherlands, as the first glance will show. 


Brabant and Limburg 
n. @ A B AB 
3156 = 45.9°/, + 0.89 42.9%) + 0.88 7.4% Ga 0.47 3.89/, + 0.34 
Compared with the blood groups of N. and S. Holland, given again 
below: 
N. and S. Holland 


n. g A B AB 
5787 44.2°/) +£0.65 43.8% 9 0.65 9.1% +0.39 2.99), +. 0.24 
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there then appears to be no great difference. Only, the two southern 
provinces have not the high B of N. and S. Holland; the difference of 
1.7 + 0.61, although probable, is not quite definitive. 

The agreement with Gelderland was almost entire, nor was there any 
great difference with the Netherlands as a whole. 


We shall now take Zeeland: 


Zeeland 
n. ia) A B AB 
2919 47.0°/) + 0.92 39.8°/, + 0.90 9.99/) + 0.55 33° == 033 


Here again we find something of the high o and the low A of N.E. 
Netherlands, combined, however, with the high B of N. and S. Holland. 
The o, however, does not differ definitively enough from any of the other 
groups at all; moreover, it differs as much from that of N.E. Netherlands 
(3 % + 1.19) as from that of N. and S. Holland (2.8 % + 1.13). The A 
is the same as that of N.E. Netherlands, and differs plainly from that of 
N. and S. Holland: 4 % + 1.11, and rather less plainly from that of the 
two other southern provinces: 3.1 % + 1.26. The B agrees with that of 
N. and S. Holland, but differs consistently from that of Brabant and 
Limburg: 2.5 % + 0.72, and also from that of N.E. Netherlands. 


Conclusion. 


In N.E. Netherlands a high @ and a low A. These, however, are also 
found in Zeeland (especially in the islands, as will be seen below), but 
combined there with a high B. In N. and S. Holland there is a low 9 and 
probably a fairly high A and B. 

The whole is rather confusing. It is noteworthy that the three western 
provinces (N. Holland, S. Holland and Zeeland) exhibit a high B, so that 
the B at all events does not increase eastwards as is the case for the 
cephalic index, nor southwards, as the pigmentation does. The B, however, 
nowhere shows statistically absolute differences with the figures for the 
whole of the Netherlands, albeit the difference for Zeeland will be very 
probable and, compared with its easterly neighbour and with N.E. Nether- 
lands, it is even statistically certain. 

We must not lose sight of the fact that the statistically consistent 
differences are, as a matter of course, by no means absolutely sure, as 
the samples of the population might originate from limited groups, and so 
fail to answer the condition of being real “random’’ samples. 


As Zeeland, from an anthropological point of view is such a remarkable 
bit of the Netherlands, we shall examine it somewhat more closely. 

The peculiarities above-mentioned do not hold good in respect of Zee- 
land Flanders, which is part of the Flemish mainland. 
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For Zeeland Flanders the figures are: 


Zeeland Flanders 
n A B AB 


‘ @D 
1000 42.9/p£1.56 45.3% £1.58 8.3% + 0.88 — 3.5%/p + 0.58 


from which it would seem to approach more the other southern provinces. 
The differences, at least, are not consistent: 


o A B AB 
3,09, + 1.80 2.4%, +£1.80 0.9% 41.00 0.3%. + 0.67 


The rest of Zeeland is: 


n. o A B AB 
1919 49:19, 1.15 ~ 37.0% 41.11 10.7%, 0.71 32%5ee040 


The differences with Zeeland Flanders are considerable: 


9 A B AB 
6.2%, +1.94 83% ,4+1.91 24% +113 03,2071 


These differences are statistically important, and the islands of Zeeland, 
with their low A and high B, as well as the high 9, are yet more distinctive. 
The A and B even exhibit consistent differences with the Netherlands as 
a whole, viz, 5.3 + 1.16 and 2.4 + 0.74 respectively. 


We might go further and endeavour to find some connection between 
the blood groups and the nature of the soil, viz. diluvium and alluvium, 
which, in the Netherlands, agrees with high and low-lying land. We have 
arranged all the districts examined according as they yielded for each of 
the blood groups g, A or B, a high, medium, or low percentage. 

As regards the A group, we did not observe any correlation between 
the percentages and the soil. Many of the diluvial districts in Overijsel, 
Gelderland and Brabant show medium values; some parts of the “‘Gelder- 
sche Achterhoek” have a very high A (up to 50 % or more), but various 
parts of the “Overijselsche Achterhoek”” (Twente), which are geographi- 
cally similar, have a low A percentage (30—40 %). 

With respect to the alluvium we found, for instance, in Friesland high 
figures of 45 % or more, together with low figures of 38 %. 

On the alluvial soil of N. and S. Holland the A is frequently high, 
but 350 inhabitants of the diluvial ‘‘Gooi” exhibited likewise a high A 
(50.3 %). Zeeland, which is exclusively alluvial, has, however, a low A, 
below 40 %. 

Let us now consider the B. This, on the diluvium of Overijsel, is high 
(up to 13 %), but that of Gelderland, on the other hand, is low (7 %), 
as is also that of Brabant (5.5 %). An average high B, of above 10 %, 
however, also occurs in the alluvial islands of Zeeland. The same holds 
good likewise for the Dutch west-coast watering-place of Scheveningen 
(B= 14.1 % + 2.00). The B=22.2 % + 1,96 for the typical village on 
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the Zuyder Sea, Volendam, (n= 454) means little, and is doubtless due 
to intermarriage. Another Zuyder Sea village, Huizen, is only 7.2 % + 1.27 
(n — 415). The statistically undoubted difference between the two in this 
case does not help us any farther on, since intermarriage is not precluded, 
so that we may save ourselves the trouble of calculation. 

In many alluvial districts the B has an average value. 

Finally, the o. Friesland has a high 9, viz. 49.6 %, in which a clay 
(alluvial) region (n=551, o= 51%) takes part, as well as a sandy 
(diluvial) region (n= 438, o = 53.2 %). Overijsel has likewise a o of 
49 %, fairly evenly distributed over the various districts. In N. Brabant the 
@ is often high on the diluvium (n 1200, o—50 %), although also 
sometimes low (n =-5/3, @==42 %): on the clay soil it is low (n= 636, 
@—= + 42 %) like in Holland (o =43.5 %). On the similar clay soil of 
the Zeeland islands the @ again is very high, viz. 49.1 %. 


We may conclude that the nature of the soil has nothing to do with 
the blood groups. Nevertheless, we have determined the blood group ratio 
for the whole diluvium of the Netherlands and found, for 8471 persons: 


i) A B AB 
472055 42.45, 42054. 7.3%,4028  3:1%5-—- 0.19 


The only consistent difference with the ratio of the whole of the 
Netherlands is in B, viz. 1% + 0.34; B proves to be low. 

In the various parts of the alluvium of the Netherlands the 9, A and B 
percentages show such contrasts that simply to count them up is of little 
use. But the lowlands of N. and S. Holland and Zeeland have together, 
n= 7831, a high B=9.7 % + 0.33, which yields a consistent difference 
with the whole of the Netherlands of 1.4 % + 0.38. 

The alluvium of N.E. Netherland, however, does not participate in this 
high B (B==8.1 %). We have not the right, therefore, to speak here of 
a contrast between alluvium and diluvium, but of one between the western 
coastal provinces and the eastern provinces. From the available figures it 
appears merely that in the Netherlands, ac we already remarked, the B is 
highest on the North Sea coast. This obliges us to take account of the 
eventuality that not merely the stronger pigmentation, but also the B factor 
may have reached the Netherlands from the side of the sea. 


From the three articles already published on the blood group investi- 
gation in the Netherlands, it is sufficiently clear that there is no correlation 
between blood group and the colour of hair or eyes. This is in accord 
with the results usually found in the literature. There is no reason to 
examine the whole material as to these correlations; moreover, as remarked 
above, the data respecting the pigmentation with regard to the blood groups 
were too inexact to subject them to a mathematical manipulation which 
would lead the reader to expect an accuracy which is non-existent. 

In the material under discussion we have confined ourselves to making 
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a few tests at random. Of the 1857 persons from Friesland examined, 
1507 are stated as possessing blue eyes, and 350 brown eyes. 
For these groups the blood group ratio is: 
n. g A B AB 
Blue 1507 49.5% +1.29 40.5°o+1.26 8.0°/9+0.70 2.0°/9 0.36 
Brown 350 52.0°/,+2.67 40.0°/>+:2.62 5.0% 5+1.17 3.0°/94-0.92 


Without further calculation it can be seen from the indicated errors that 
these groups do not differ from each other. The differences with the 
Netherlands as a whole seem to be fairly marked, but on a further con- 
sideration do not prove to be statistically reliable: 


ia) A B AB 
Blue 30°52 33) | 1:8 Ga2 1030 O39 ae0773 0.9°/, +0.38 
Brown 5,5°/ 5+ 2.69 2,39) 9- 2.64 3,3, ael19 0.19/)>+0.93 


A second test at random has been taken with respect to the final hair 
colour, black, and the special colour, red. Among a group of 3743 persons, 
distributed over 4 provinces, 1983.5 % are stated to be black-haired 
and 129 —2.3 % as red-haired. The blood group ratio was as below: 


n. 2 A B AB 
Black h. 198 48.0/43.55 43.5%+3.52 5.5%g+1.62 3.0% 41.21 
Redhair 129 52.0% 44.40 40.39, +4.32 4.6%+1.85 3.1%y41.53 


Here, too, the various blood groups are present in both groups and with 
a number that does not differ statistically from the whole of the Nether- 
lands. 


Finally, a few special groups of persons claim attention. First of all the 
students who were examined between the years 1929—’33, and were thus 
not included in the publication of 1930. They yielded the following blood- 
group ratios: 


Students 1928 — 1933 
n. ro) A B AB 
771 45.1%) +1.80 43,89) 41.80 7.99,+0.98  3.1°/5 + 0.62 


As can be seen, there is no difference with the Netherlands as a whole, 
since the standard deviations exceed the differences in the respective blood 
group percentages, 


The differences with the results, obtained with the students examined 
previously, are: 


Q A B AB 
0.6% > +2.01 2.6% ,+2.01 1.7%,+1.11 0.4%, 40.70 


These cannot be considered as of importance either. The later examin- 
ation of the 771 students thus forms a confirmation of the former 3085; 
moreover, the students prove to be an adequate representation of the people 


of the Netherlands. 
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Jews. 


Further there are 1077 Jews here, living for the most part in Amsterdam, 
who were not included in the investigation which comprised the whole 
of the Netherlands. These have been examined by Dr. HERTZBERGER. The 
blood group ratio proved to be as below: 


n. ra) A B AB 
1077 427-3) /5 2 1251 40.49/95 + 1.50 11.7°/) + 0.98 5.69/5 + 0.71 


The differences with the total for the Netherlands are: 


Q A B AB 
a) eal | Mehe) 1.99/) + 1.54 Bet get 00 2 7 n ee 0:72 


145 Jews in an Asylum were examined: 


re) A B AB 
3932/4 42.8°/, 147}, 6.2°/o 


Although the number of 145 in this last category is so small as to be of 
little value in itself, it is interesting in so far as it everywhere accentuates 
the differences found with the first-named examination. 

We find a distinct difference with the total for the Netherlands, mainly 
in the high B, and this not at the expense of A, but of o. The AB, too, is 
conspicuously high. 

It is known from the literature that the Jews are distinguished from 
West-Europeans by the high B. The Jews in East-Europe exhibit figures 
ranging from 16—25 %. This percentage, however, is not specific for 
these people; on the contrary, it is typical of East-Europe and West-Asia. 
The Dutch Jews, now, would appear to possess a comparatively high B, 
but this, after all, is so low again that it fits into the blood group ratios 
of West Europe. BoLk remarked that the Jews everywhere tend to acquire 
the physical features of the people in the countries of their adoption, and 
this would seem to hold good also for the blood groups. 


SUMMARY. 


A survey is here given of the composition of the population of the 
Netherlands in olden times. Frisians, Saxons and Franks predominated, 
while there were also Gallic (‘Celtic’) influences south of the large rivers. 

The Frisians, Saxons and Franks, and perhaps the Gauls, too, originally 
were Teutons, and thus representatives of the Nordic race. The population 
of the Netherlands south of the Rhine, in the region of the Franks, as a 
consequence of their Romanization, absorbed meridional blood, as is 
expressed in their higher percentage of brown eyes and dark hair. In so 
far as this southern blood was partly Gallic, we may speak of an Alpine 
factor. Since, however, brachycephalism is no commoner in the more 
pigmented provinces of the Netherlands than in the “blond” eastern 
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provinces, the part played by the present-day specifically brachycephalic 
Alpine race in the composition of the people of the southern part of the 
Netherlands must be held to be problematic. 

The peculiar population of Zeeland renders it probable that a second 
meridional factor reached the Netherlands from the sea. The Mediterranean 
race may have had a share in this, while, further, there is a possibility of 
the ‘‘prospectatores’”’ (FLEURE). 

The Netherlands, after all, must be considered as a country with a 
predominating Nordic population. 


The blood group distribution in the Netherlands is: 


o A B AB 
A0-D ge 0.94 Ceo) diy aie Oh ole Brey eye Us) 2.99) 5a Os) 
C= 08.2 126.0 Gen). 


On closer examination it appears that in the north-east Netherlands the 
é is high, and the A low. This holds good equally well for the islands of 
Zeeland, there, however, in conjunction with a high B. 

in the provinces of N. and S. Holland the ¢ is low, the A and the B 
are probably fairly high. 

The most characteristic feature of the whole, and somewhat perplexing, 
aspect is that the B factor in West Netherland is higher than in East 
Netherland. 

The B factor does not seem to have come either with the pigmentation 
from the South, or with the brachycephalism from the East. Since the 
highest B percentage in the Netherlands, in Zeeland, accompanies the 
strongest pigmentation, there is reason for the supposition that the B has 
been brought by the people coming from the sea, who also brought the 
pigmentation into Zeeland. 

As was to be expected, no connection was found between the blood 
group distribution and the nature of the soil. 

The Jews in the Netherlands exhibit distinctly a higher B percentage 
(11.7 %) and a lower ¢ percentage than the rest of the population, but 


not to such a degree as to place them outside the cadre of the peoples of 
western Europe. 
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